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3.1.  Introducere

Un fLOWUX� GLJLWDO� HVWH� XQ� VLVWHP� GLVFUHW�� XWLOL]DW� vQ� VFRSXO� PRGLILF ULL
VSHFWUXOXL� GH� DPSOLWXGLQL� úL�VDX� GH� ID]H� DO� XQXL� VHPQDO�� 6LVWHPHOH� �ILOWUHOH�
prezentate în  acest capitol vor fi liniarH� úL� LQYDULDQWH� vQ� WLPS�� 5 VSXQVXO� vQ
domeniul timp al unui SDLIT�HVWH�GDW�GH�SURGXVXO�GH�FRQYROX LH�GLQWUH�VHPQDOXO
de intrare ][nx � úL� U VSXQVXO� OD� LPSXOV� DO� VLVWHPXOXL�� QRWDW� FX� ][nh �� GHQXPLW� úL
IXQF LH�SRQGHUH�

∑
∞

−∞=
−=∗=

k

knxkhnhnxny ][][][][][                                 (3.1)

Aplicarea transformatei Z� DPELORU� PHPEUL� DL� UHOD LHL� ������ SHUPLWH
VWDELOLUHD�OHJ WXULL�GLQWUH�WUDQVIRUPDWHOH�Z�DOH�VHPQDOHORU�GH�LQWUDUH�úL�LHúLUH�

)()()( zXzHzY =                                               (3.2)

unde )(zH � UHSUH]LQW � IXQF LD� GH� WUDQVIHU a SDLIT�� 5HDOL]DELOLWDWHD� IL]LF � D
SDLIT�QHFHVLW �VWDELOLWDWHD�úL�FDX]DOLWDWHD�DFHVWXLD��FHHD�FH�LPSOLF �

0pentru    0][ <= nnh ;    ∞<∑
∞

=0

][
n

nh                              (3.3)

Sistemul estH�GHVFULV�vQ�GRPHQLXO�WLPS�SULQ�HFXD LD�FX�GLIHUHQ H�ILQLWH�
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Pentru SDLIT (filtrele)� FX� IXQF LD� GH� WUDQVIHU� UD LRQDO �� ILOWUDUHD
(HYDOXDUHD�ILHF UXL�HúDQWLRQ�DO�U VSXQVXOXL)�SRDWH�IL�HIHFWXDW �FX�XQ�QXP U�ILQLW
GH� RSHUD LL� DULWPHWLFH� ±� FRQGL LH� GH� DVHPHQHD� QHFHVDU � SHQWUX� UHDOL]DELOLWDWHD
IL]LF �� 1X� VH� SRDWH� XWLOL]D� SURGXVXO� GH� FRQYROX LH� ������� FX� OLPLWD� LQIHULRDU
SDUWLFXODUL]DW �OD�]HUR��FD�ED] �SHQWUX�LPSOHPHQWDUHD�VRIW�VDX�KDUG�D�RSHUD LHL�GH
ILOWUDUH�UHDOL]DW �GH�XQ�SDLIT�FDX]DO�úL�VWDELO��GDF �U VSXQVXO� ][nh  este de GXUDW
LQILQLW .

Filtrele FX� U VSXQV� ILQLW� OD� LPSXOV (prescurtat RFI�� DX� IXQF LD� SRQGHUH
][nh � QHQXO � SHQWUX� { }1,,1,0 −∈ Nn K �� 6H� VSXQH� F � N� UHSUH]LQW � lungimea

U VSXQVXOXL�OD�LPSXOV��3HQWUX�DFHVWH�ILOWUH�LPSOHPHQWDUHD�RSHUD LHL�GH�ILOWUDUH�DUH
OD�ED] �SURGXVXO�GH�FRQYROX LH�������SDUWLFXODUL]DW�FRUHVSXQ] WRU�

∑
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−=∗=
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][][][][][
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k

knxkhnhnxny                                  (3.5)

ÌQ�DFHDVW �VLWXD LH�IXQF LD�GH�WUDQVIHU�GHYLQH�
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                                                              (3.6)

'HFL�IXQF LD�GH�WUDQVIHU�QX�SUH]LQW �SROL��ILLQG�R�IXQF LH�SROLQRPLDO �GH�RUGLQXO
1−N  în 1−z ��&RHILFLHQ LL� ib �DL�ILOWUXOXL�VXQW�FKLDU�YDORULOH�U VSXQVXOXL�OD�LPSXOV�

3.2. Filtre RFI�FX�ID] �OLQLDU

Posibilitatea filtrelor RFI de a avea o FDUDFWHULVWLF �GH�ID] �OLQLDU  permite
UHDOL]DUHD�RSHUD LHL�GH�ILOWUDUH�I U �D�LQWURGXFH�GLVWRUVLXQL�GH�ID] ��DVSHFW�LPSRUWDQW
vQ�UHFRQVWUXF LD�ILGHO �D�VHPQDOHORU�

7UDQVIRUPDWD� )RXULHU� D� U VSXQVXOXL� OD� LPSXOV�� GHQXPLW � U VSXQV� vQ
IUHFYHQ  sau IXQF LH�GH�WUDQVIHU�)RXULHU��VH�RE LQH�SULQ�HYDOXDUHD�OXL� )(zH  de
IRUPD�������GH�D�OXQJXO�FHUFXOXL�GH�UD] �XQLWDWH�GLQ�SODQXO�Z:

∑
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unde
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)UHFYHQ D� QRUPDW � f � VH� FDOFXOHD] � FD� UDSRUWXO� GLQWUH� YDORDUHD� IUHFYHQ HL� �F
H[SULPDW �vQ�+]��úL�YDORDUHD�IUHFYHQ HL�GH�HúDQWLRQDUH�� eF �H[SULPDW �vQ�+]��

)XQF LD� GH� WUDQVIHU� HYDOXDW � OD� IUHFYHQ H� IL]LFH�� SHULRGLF � vQ� IUHFYHQ � FX
SHULRDGD�� ��SRDWH�IL�H[SULPDW �vQ�IRUPD�SRODU �

)()()( ωϕωω jjj eeHeH =                                          (3.9)

unde )( ωjeH � úL� )(ωϕ  sunt S U L�DOH� IXQF LHL� GH� VLVWHP, purtând denumirile de:

FDUDFWHULVWLF � GH� PRGXO (de amplitudine), respectiv FDUDFWHULVWLF � GH� ID] . În
SUDFWLF � QH� LQWHUHVHD] � ILOWUHOH� FX� FRHILFLHQ L� UHDOL�� DGLF � FX� Rnh ∈][ , conform
UHOD LHL��������3HQWUX�DFHVWH�ILOWUH�FDUDFWHULVWLFD�GH�PRGXO�HVWH�R�IXQF LH�SDU �LDU�FHD
GH�ID] ��R�IXQF LH�LPSDU ��DGLF �

)()(;)()( ωϕωϕωω −=−=− jj eHeH                           (3.10)

'H� DVHPHQHD�� GH� OD� SURSULHW LOH� WUDQVIRUPDWHL� )RXULHU� VH� úWLH� F � XQXL
semnal ][nx � SDU� vL� FRUHVSXQGH� R� WUDQVIRUPDW � )RXULHU� UHDO � úL� SDU � LDU� XQXL
VHPQDO� LPSDU� vL� FRUHVSXQGH� R� WUDQVIRUPDW � )RXULHU� LPDJLQDU � úL� LPSDU �
3UHVXSXQHP�DFXP�F �VHFYHQ D� ][nh �FDX]DO ��GH� OXQJLPH�ILQLW �N��HVWH�RE LQXW
SULQ�GHSODVDUHD�OD�GUHDSWD�D�XQHL�VHFYHQ H� ][0 nh �DQWLFDX]DOH��H[SULPDW �SULQWU�R
IXQF LH�GLVFUHW �SDU � VDX� LPSDU ��5H]XOW � LPHGLDW� F � vQ�domeniul timp simetria
VDX� DQWLVLPHWULD� VHFYHQ HL� ][0 nh  se va traduce prin simetria sau antisimetria
VHFYHQ HL� ][nh � ID �GH� D[D� VD� FHQWUDO � LDU� vQ�GRPHQLXO� IUHFYHQ  deplasarea lui

][0 nh � SHQWUX� D� SURGXFH� U VSXQVXO� FDX]DO� ][nh  va determina multiplicarea
WUDQVIRUPDWHL� )RXULHU� D� VHFYHQ HL� ][0 nh � FX� XQ� IDFWRU� GH� ID] � OLQLDU �� ÌQ
FRQVHFLQ � ILOWUHOH�RFI pot avea o FDUDFWHULVWLF � GH� ID] � OLQLDU  prin obligarea
IXQF LHL�SRQGHUH� ][nh �V �SUH]LQWH�SURSULHWDWHD�GH�VLPHWULH�VDX�GH�DQWLVLPHWULH�ID
GH�D[D�VD�FHQWUDO ��0DL�PXOW��IXQF LD�GH�WUDQVIHU�)RXULHU�SRDWH�IL�SXV �vQ�IRUPD�

)(
0 )()( ωθωω jjj eeHeH =                                       (3.11)

cu ReH j ∈)(0
ω � úL� )(ωθ � IXQF LH� OLQLDU �� )XQF LD� UHDO � )(0

ωjeH � SRDUW
denumirea de IXQF LH�GH�WUDQVIHU�GH�ID] �]HUR��GHRDUHFH�VHPQLILF �WUDQVIRUPDWD
)RXULHU�D�VHFYHQ HL�DQWLFDX]DOH�DVRFLDWH� ][0 nh ��WUDQVIRUPDW �FH�DUH�ID]D�QXO �

ÌQWUH�S U LOH�IXQF LHL�GH�WUDQVIHU�FH�DSDU�vQ�H[SULP ULOH�������úL��������H[LVW
UHOD LLOH�
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{ } { })(arg)(cu)()()(arg)(

)()()()(
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ωθωθωθωϕ jj

jjjj

eHeH

eHeHeHeH

=+==

±=⇔=
      (3.12)

6H�SRW�UHPDUFD�SURSULHW LOH�

1. )( ωjeH �HVWH�IXQF LH�SDU �LDU� )(ωϕ �IXQF LH�LPSDU ��GHRDUHFH� Rnh ∈][ .

2. )XQF LLOH� )(0
ωjeH �úL� )(ωθ �VXQW�IXQF LL�UHDOH��FRQWLQXH�úL�GHULYDELOH�

3. )XQF LD� )(ωϕ �SUH]LQW �VDOWXUL�GH�π �UDGLDQL�OD�IUHFYHQ HOH�OD�FDUH� )(0
ωjeH  are

WUHFHUL�SULQ�]HUR�úL�GHFL�IUHFYHQ HOH�GH�UHMHF LH�SRW�IL�FLWLWH�úL�SH�FDUDFWHULVWLFD
GH�ID] �

În proiectarea filtrelor RFI� VH� SUHIHU � H[SULPDUHD� IXQF LHL� GH� WUDQVIHU� vQ
IRUPD� ������� GDWRULW � FRQWLQXLW LL� úL� GHULYDELOLW LL� IXQF LLORU� )(0

ωjeH � úL� )(ωθ
pentru orice ],[ ππω −∈ .

([LVW �4 tipuri de filtre RFI� FX� ID] � OLQLDU �� vQ� IXQF LH� GH� OXQJLPHD�N a
U VSXQVXOXL�OD�LPSXOV�úL�GH�VLPHWULD�VDX�DQWLVLPHWULD�DFHVWXLD�
tipul 1: filtre RFI�FX�OXQJLPH�LPSDU �úL�U VSXQV�OD�LPSXOV�VLPHWULF�

]1[][ nNhnh −−=                                             (3.13)
tipul 2: filtre RFI�FX�OXQJLPH�SDU �úL�U VSXQV�OD�LPSXOV�VLPHWULF�
tipul 3: filtre RFI�FX�OXQJLPH�LPSDU �úL�U VSXQV�OD�LPSXOV�DQWLVLPHWULF�

]1[][ nNhnh −−−=                                           (3.14)
tipul 4: filtre RFI�FX�OXQJLPH�SDU �úL�U VSXQV�OD�LPSXOV�DQWLVLPHWULF�

&HQWUXO� GH� VLPHWULH� VDX� DQWLVLPHWULH� DO� VHFYHQ HL� ][nh  situat la
2/)1( −= Nn �VH�J VHúWH�OD�PLMORFXO�GLVWDQ HL�GLQWUH�HúDQWLRDQHOH�FHQWUDOH�SHQWUX

N par, în timp ce pentru N� LPSDU� DFHVWD� HVWH� SODVDW� SH� ORFXO� HúDQWLRQXOXL
]2/)1[( −Nh . Acesta poate avea orice valoare în cazul filtrului RFI de tipul 1,

LDU� SHQWUX� WLSXO� �� HVWH� REOLJDWRULX� QXO�� FXP� VH� SRDWH� XúRU� FRQVWDWD� GLQ
SDUWLFXODUL]DUHD� FRQGL LLORU� ������� úL� ������� SHQWUX� HúDQWLRQXO� FX� LQGLFHOH

2/)1( −= Nn .

��������3URSULHW L�DOH�IXQF LHL�GH�WUDQVIHU�GH�ID] �]HUR

Pentru cele patru tipuri de filtre RFI� FX� ID] � OLQLDU � VH� SRDWH� H[SULPD
IXQF LD�GH�WUDQVIHU�vQ�IRUPD�������� LQkQG�FRQW�GH�OXQJLPHD�N�D�VHFYHQ HL� ][nh ,
GH�UHOD LD�GH�VLPHWULH�VDX�GH�DQWLVLPHWULH� �������� UHVSHFWLY� ��������SUHFXP�úL�GH
UHVWULF LD�UHIHULWRDUH�OD�HúDQWLRQXO�FHQWUDO� ]2/)1[( −Nh .

$VWIHO�� vQ�XUPD�GHPRQVWUD LLORU�HIHFWXDWH�SOHFkQG�GH� OD�SUHPLVHOH�GH�PDL
VXV�� VH�SRW�H[SULPD�VXE� IRUPD�XQRU� UHOD LL�DQDOLWLFH� IXQF LD�GH� WUDQVIHU�GH� ID]
zero )(0

ωjeH �úL� )(ωθ �SHQWUX�FHOH���WLSXUL�GH�ILOWUH�5),�FX�ID] �OLQLDU �
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tipul 1: filtre RFI�FX�OXQJLPH�LPSDU �úL�U VSXQV�OD�LPSXOV�VLPHWULF�

2/)1()(;)cos(][)(
2/)1(

0
0 −−== ∑

−

=
NnnaeH

N

n

j ωωθωω                (3.15)

unde
2/)1(,1;]2/)1[(2][;]2/)1[(]0[ −=−−=−= NnnNhnaNha            (3.16)

tipul 2: filtre RFI�FX�OXQJLPH�SDU �úL�U VSXQV�OD�LPSXOV�VLPHWULF�

2/)1()(;)2/)12(cos(][)(
2/

1
0 −−=−= ∑

=
NnnbeH

N

n

j ωωθωω            (3.17)

unde
2/,1;]2/[2][ NnnNhnb =−=     (3.18)

tipul 3: filtre RFI�FX�OXQJLPH�LPSDU �úL�U VSXQV�OD�LPSXOV�DQWLVLPHWULF�

2/)1(2/)(;)sin(][)(
2/)1(

1
0 −−== ∑

−

=
NnnceH

N

n

j ωπωθωω           (3.19)

unde
2/)1(,1;]2/)1[(2][ −=−−= NnnNhnc                                     (3.20)

tipul 4: filtre RFI�FX�OXQJLPH�SDU �úL�U VSXQV�OD�LPSXOV�DQWLVLPHWULF�

2/)1(2/)(;)2/)12(sin(][)(
2/

1
0 −−=−= ∑

=
NnndeH

N

n

j ωπωθωω              (3.21)

unde
2/,1;]2/[2][ NnnNhnd =−=     (3.22)

2EVHUYD LL:
1. 6H� REVHUY � F � IXQF LD� GH� WUDQVIHU� GH� ID] � ]HUR� HVWH� R� IXQF LH� SDU � SHQWUX

filtrele RFI�FX�ID] �OLQLDU �GH�tipurile 1, 2��UHVSHFWLY�LPSDU �SHQWUX�ILOWUHOH�GH
tipurile 3� úL� 4. De asemenea )(0

ωjeH � HOLPLQ � FRPSRQHQWD� FRQWLQX
(termenii ]0[b , ]0[c , ]0[d ) pentru tipurile 2, 3, 4.

2. 6H�SRW�YHULILFD�XúRU�SURSULHW LOH�





−
=+

parpentru;)(

imparpentru;)(
)(

0

0)2(
0

NeH

NeH
eH

j

j
j

ω

ω
πω                      (3.23)

                          )()( 0
)4(

0
ωπω jj eHeH =+                             (3.24)

5HOD LLOH� ������� úL� �������GHPRQVWUHD] � F � IXQF LD�GH� WUDQVIHU� GH� ID] � ]HUR� HVWH
SHULRGLF � úL� GH� SHULRDG � π2  (ca )( ωjeH ) pentru filtrele de tipul 1� úL� 3, în
schimb pentru filtrele de tipul 2� úL� 4, perioada este π4 �� IXQF LD� SUH]HQWkQG
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VLPHWULH� GH� URWD LH�� $FHDVW � UHPDUF � HVWH� IRDUWH� XWLO � OD� SURLHFWDUHD� ILOWUHORU�
SHQWUX�LPSXQHUHD�FRUHFW �D�FRQGL LLORU�vQ�GRPHQLXO�IUHFYHQ �
3. )XQF LD� )(0

ωjeH � VH� DQXOHD] � OD� 0=ω  pentru tipurile 3� úL� 4, respectiv în
πω =  pentru tipurile 2�úL�3��LQGLIHUHQW�GH�YDORULOH�FRHILFLHQ LORU�

&XQRDúWHUHD�SURSULHW LORU�IXQF LHL�GH�WUDQVIHU�GH�ID] �]HUR�SHQWUX�ILHFDUH
tip de filtru RFI�FX�ID] �OLQLDU �HVWH�DEVROXW�LQGLVSHQVDELO �vQ�DOHJHUHD�FRUHFW �D
WLSXOXL�DGHFYDW�UHDOL] ULL�XQRU�DQXPLWH�FDUDFWHULVWLFL�GH�ILOWUDUH��3HQWUX�DFHDVWD�VH
H[DPLQHD] � FX� DWHQ LH� UHSUH]HQW ULOH� JUDILFH� DOH� IXQF LLORU� GH� WUDQVIHU
FRUHVSXQ] WRDUH�PRGHOHORU� LGHDOH� GH� ILOWUDUH�� ILOWUX� WUHFH� MRV� �)7-��� ILOWUX� WUHFH
VXV� �)76��� ILOWUX� WUHFH� EDQG � �)7%��� ILOWUX� RSUHúWH� EDQG � �)2%��� WUDQVIRUPDWRU
+LOEHUW��75+��úL�GLIHUHQ LDWRU�GLJLWDO��',)��

ÌQ� IXQF LH� GH� SDULWDWHD� VDX� LPSDULWDWHD� FDUDFWHULVWLFLL� PRGHOXOXL� LGHDO�
SUHFXP�úL�GH�YDORULOH�DFHVWHLD�OD�IUHFYHQ HOH�QRUPDWH� 0=ω �úL� πω = , se decide
realizarea sa printr-un anumit tip de filtru RFI� FX� ID] � OLQLDU �� $VWIHO�� GH
exemplu, FTJ poate fi realizat cu tipurile 1�úL�2, FTS cu tipurile 1�úL�4, FTB cu
WRDWH�WLSXULOH��WUDQVIRUPDWRUXO�+LOEHUW�úL�GLIHUHQ LDWRUXO�GLJLWDO�QXPDL�FX�tipurile
3�úL�4.

Exemplu:
6 �VH�UHSUH]LQWH�JUDILF�IXQF LD�SRQGHUH�D�ILOWUXOXL�RFI definit prin:

432 3)( −−− ++= zzzzH
3UHFL]D L�WLSXO�V X��6 �VH�FDOFXOH]H�úL�V �VH�UHSUH]LQWH�JUDILF�vQ�LQWHUYDOXO�GH�ED]

),[ ππ− �S U LOH�IXQF LHL�GH�WUDQVIHU� )( ωjeH : )( ωjeH , )(ωϕ , )(0
ωjeH �úL� )(ωθ .

h=[0,0,1,sqrt(3),1,0,0];
��FRHILFLHQ LL�IXQF LHL�GH�WUDQVIHU�VXQW�FKLDU�YDORULOH�U VSXQVXOXL�OD�LPSXOV�
n=0:6;

���V�D�GHILQLW�VXSRUWXO�IXQF LHL�SRQGHUH�� 1,0 −= Nn ).
stem(n,h)

��� VH� REVHUY � VLPHWULD� vQ� UDSRUW� FX� FHQWUXO� VHFYHQ HL�� OXQJLPHD� ILOWUXOXL� HVWH
7=N ��UH]XOW �F �ILOWUXO�HVWH�GH�WLSXO���
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H=fft(h,512);
w=-pi:2*pi/512:pi-2*pi/512;
��V�D� FDOFXODW� WUDQVIRUPDWD� )RXULHU� vQ� ���� SXQFWH� SHQWUX� IXQF LD� SRQGHUH� D
ILOWUXOXL� úL� V�D� GLYL]DW� LQWHUYDOXO� GH� ED] � vQ� ���� SXQFWH� HJDO� GLVWDQ DWH� �SHQWUX
DILúDUH���YH]L�VHF LXQHD��������GLQ�FDSLWROXO���
plot(w,fftshift(abs(H))),grid

��� V�D� UHSUH]HQWDW� PRGXO� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� )( ωjeH �� VH� REVHUY

SDULWDWHD�IXQF LHL�
plot(w,fftshift(angle(H))),grid

���V�D�UHSUH]HQWDW�IXQF LD� ),[),[:)( ππππωϕ −→− ��VH�REVHUY �LPSDULWDWHD�IXQF LHL
úL�VDOWXULOH�GH�π �UDGLDQL�OD�IUHFYHQ HOH�GH�UHMHF LH�

3HQWUX� FDOFXOXO� S U LORU� )(0
ωjeH � úL� )(ωθ � WUHEXLH� UHY ]XWH� IRUPXOHOH� ������� úL

�������RE LQXWH�vQ�FD]XO�ILOWUHORU�GH�WLSXO���

2/)1()(;)cos(][)(
2/)1(

0
0 −−== ∑

−

=
NnnaeH

N

n

j ωωθωω
 

2/)1(,1;]2/)1[(2][;]2/)1[(]0[ −=−−=−= NnnNhnaNha .
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O=-w*(length(n)-1)/2;
plot(w,O),grid

���V�D�UHSUH]HQWDW�IXQF LD� )(ωθ ��VH�REVHUY �OLQLDULWDWHD�FDUDFWHULVWLFLL�
LQkQG� FRQW� GH� UHOD LD� ������� SXWHP� UHSUH]HQWD� vQWU�XQ� PRG� IDFLO� IXQF LD� GH

WUDQVIHU�GH�ID] �]HUR� )(0
ωjeH :

)(
0

)(
0 )()()()( ωθωωωθωω jjjjjj eeHeHeeHeH −=⇒=  

H0=fftshift(H).*exp(-i*O);
plot(w,H0),grid

��� V�D� UHSUH]HQWDW� IXQF LD� GH� WUDQVIHU� GH� ID] � ]HUR� D� ILOWUXOXL�� VH� REVHUY
YHULGLFLWDWHD�UHOD LLORU��������
9HULILFD L�RE LQHUHD�FDUDFWHULVWLFLL� )(0

ωjeH � IRORVLQG�UHOD LLOH�GH�FDOFXO� �������úL
(3.16).

E1. ([HUFL LL:
5HSHWD L�FHULQ HOH�GLQ�H[HPSOXO�GH�PDL�VXV�SHQWUX�ILOWUHOH�RFI definite prin:
1. ]11[]8[2]6[5]5[5]3[2][][ −+−−−+−+−−= nxnxnxnxnxnxny

2. 








=−
=

=
=

14,8,14

7,0

6,0,

][

nn

n

nn

nh

3. 11109765421 5,0225,0)( −−−−−−−−− −−+−−++−+= zzzzzzzzzzH
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��������3R]L LRQDUHD�vQ�SODQXO�=�D�]HURXULORU�IXQF LHL�GH�WUDQVIHU

6LPHWULD�VDX�DQWLVLPHWULD�VHFYHQ HL� ][nh �LPSOLF �úL�R�SR]L LRQDUH�VSHFLILF
D� ]HURXULORU� IXQF LHL� GH� WUDQVIHU� )(zH �� $VWIHO�� GDF � vQ� H[SUHVLD� ������ VH

vQORFXLHúWH� z  cu 1−z �� VH� VFKLPE � LQGLFHOH� GH� VXPDUH� úL� DSRL� VH� H[SORDWHD]
VLPHWULD�VDX�DQWLVLPHWULD�VHFYHQ HL� ][nh ��UH]XOW �

)(][]1[][)( 1
1

0

1
1

0

1
1

0

1 zHzznhzznNhznhzH N
N

n

nN
N

n

nN
N

n

n −
−

=

−−
−

=

−−
−

=

− ±=±=−−== ∑∑∑

&RQVHFLQ HOH� vQ�SODQXO�Z� DOH�SURSULHW LL� HYLGHQ LDWH�GH� UHOD LD� GH�PDL� VXV� VXQW
XUP WRDUHOH�
���'DF � iz � HVWH� XQ� ]HUR� DO� IXQF LHL� )(zH �� DWXQFL� úL� iz/1  este de asemenea un
zero al acesteia;
���3HQWUX�DSOLFD LLOH�FH�SUH]LQW � LQWHUHV�SUDFWLF��FRHILFLHQ LL� ][nh  ai polinomului

)(zH �VXQW�UHDOL�úL�GUHSW�XUPDUH�RULFH�]HUR�YD�IL�vQVR LW�úL�GH�FRPSOH[�FRQMXJDWXO

V X��&RQVLGHUkQG�]HURXO� 1z  exprimat în coordonate polare: 1
11

θjerz = , atunci, în
IXQF LH�GH�YDORULOH� UD]HL� YHFWRDUH� 1r � úL� XQJKLXOXL� 1θ �� VXQW� SRVLELOH� XUP WRDUHOH
FRQILJXUD LL�GH�]HURXUL�
a) πθθ ≠≠≠ 111 ;0;1r :

1111 )/1(/1;)/1(/1;; 1241131
*
1211

θθθθ jjjj erzzerzzerzzerz ======= −−

b) πθθ ≠≠= 111 ;0;1r :
11

1
*
121 /1; θθ jj ezzzez −====

c) πθθ ==≠ 111 sau0;1r :

1121111211 /1/1;sau/1/1; rzzrzrzzrz −==−====
d) πθθ === 111 sau0;1r :

1sau1 111 −== zz
=HURXULOH� RDUHFDUH� DSDU� GHFL� REOLJDWRULX� vQ� JUXSXUL� GH� �� ]HURXUL�� GRX � vQ
LQWHULRUXO� FHUFXOXL� XQLWDWH� úL� GRX � vQ� H[WHULRUXO� DFHVWXLD�� vQ� UHOD LH� GH� VLPHWULH
JHRPHWULF �� ]HURXULOH� GH� SH� FHUFXO� XQLWDWH� DSDU� vQ� SHUHFKL� FRPSOH[� FRQMXJDWH�
]HURXULOH� UHDOH� DSDU� vQ� SHUHFKL� VLPHWULFH� JHRPHWULF� ID � GH� FHUF�� FX� H[FHS LD
zerourilor 1=z � úL� 1−=z  care sunt simultan propriile lor inverse. Utilizând
UHOD LLOH�

110
)()(;)()( −====

==
z

j
z

j zHeHzHeH
πω

ω
ω

ω

úL� LQkQG�FRQW�GH�YDORULOH�IXQF LLORU�GH�WUDQVIHU�GH�ID] �]HUR�vQ�SXQFWHOH� 0=ω �úL
πω = ��VH�SRDWH�DILUPD�F ��OD�tipul 2�HVWH�REOLJDWRULH�SUH]HQ D��]HURXOXL� 1−=z ;

la tipul 3� HVWH� REOLJDWRULH� SUH]HQ D� � VLPXOWDQ � D� ]HURXULORU� 1=z � úL� 1−=z ; la
tipul 4�HVWH�REOLJDWRULH�SUH]HQ D��]HURXOXL� 1=z .
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Exemple:
1. 6 � VH� UHSUH]LQWH� SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO�Z� úL� V � VH� SUHFL]H]H� WLSXO

filtrului RFI�GHILQLW�SULQ�IXQF LD�SRQGHUH�






 −= )8(

5

3
sinc

5

3
][ nnh

π
, 16,,1,0 K=n .

5HSUH]HQWD L�JUDILF�U VSXQVXO�OD�LPSXOV�DO�ILOWUXOXL�

n=0:16;
h=3/5*sinc(3/5*(n-8));
// vezi help sinc
zplane(h)

// reprezentarea zerourilor în planul Z FRUHVSXQGH�XQXL�ILOWUX�GH�WLSXO����REVHUYD L
VLPHWULD�JHRPHWULF �D�]HURXULORU�ID �GH�FHUFXO�GH�UD] �XQLWDWH�� UHPDUFD L�IDSWXO
F �]HURXULOH�GH�SH�FHUFXO�XQLWDWH�DSDU�vQ�SHUHFKL�FRPSOH[�FRQMXJDWH�

stem(n,h),grid

���GLQ� UHSUH]HQWDUHD�JUDILF �D� U VSXQVXOXL� OD� LPSXOV� VH�REVHUY �GH�DVHPHQHD�F
filtrul RFI din exemplu este de tipul 1.
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2. 6 � VH� GHWHUPLQH� úL� V � VH� UHSUH]LQWH� JUDILF� IXQF LD� SRQGHUH� ][nh  a filtrului
digital RFI�FX�ID] �OLQLDU ��GH�WLSXO����FX�FRHILFLHQ L�UHDOL�úL�FX�RUGLQXO�PLQLP

SRVLELO��úWLLQG�F �IXQF LD�GH�WUDQVIHU� )(zH  are zerourile 3

2

1 2

1
π

j
ez = , 3

2

π
j

ez =

úL� ( ) jeH j 262/ −=π ��6 �VH�UHSUH]LQWH�SR]L LRQDUHD�]HURXULORU�vQ�SODQXO�Z.

z1=1/2*exp(j*2*pi/3);
z2=exp(j*pi/3);
z=[z1;conj(z1);1/z1;conj(1/z1);z2;conj(z2);1;-1];
��� YHFWRUXO� FRORDQ �z� FRQ LQH� YDORULOH� ]HURXULORU� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL
LQkQG�FRQW�F �

- GDF � 1z �HVWH�]HURX�FRPSOH[�úL�QX�VH�DIO �SH�FHUFXO�GH�UD] �XQLWDWH�DWXQFL�YRU�IL

]HURXUL�úL� ,1
∗z  

1

1

z
�úL� ∗

1

1

z
;

- GDF � 2z  este zerou complex�úL�VH�DIO �SH�FHUFXO�GH�UD] �XQLWDWH�DWXQFL�úL� ∗
2z  va

fi zerou;
- ILOWUXO�HVWH�GH�WLSXO���úL�HVWH�GHFL�REOLJDWRULH�SUH]HQ D�VLPXOWDQ �D�]HURXULORU

1=z �úL� 1−=z ;
- ILOWUXO�HVWH�GH�RUGLQ�PLQLP�úL�GHFL�QX�PDL�DSDU�DOWH�]HURXUL� vQ�DIDUD�FHORU�GH

mai sus.
zplane(z)

p=poly(z);
// vectorul p�YD�FRQ LQH�YDORULOH�SROLQRPXOXL�DOH�F UXL�U G FLQL�VXQW�]HURXULOH�GLQ
vectorul z; vezi help poly.
v=polyval(p,exp(i*pi/2)) → v =
   0.0000 - 6.5000i
��� YHFWRUXO� S� FRQ LQH� GH� IDSW� FRHILFLHQ LL� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL�� V�D
HYDOXDW�DFHDVW �IXQF LH�vQ� 2/πje ��SHQWUX�D�VDWLVIDFH�FHULQ D�GLQ�SUREOHP �WUHEXLH
V �HIHFWX P�R�vQPXO LUH�FX����YH]L help polyval.
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h=4*p;
n=0:length(h)-1;
stem(n,h),grid

��� V�D� UHSUH]HQWDW� IXQF LD�SRQGHUH�D� ILOWUXOXL�� VH�REVHUY � F � HD� FRUHVSXQGH�XQXL
filtru de tipul 3.

E2. ([HUFL LL:
1. 6 � VH� UHSUH]LQWH� SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO�Z� úL� V � VH� SUHFL]H]H� WLSXO

filtrelor RFI definite prin:

a) 


 ≤≤−−

=
rest

nn
nh

,0

60,34
][

b) 




 ≤≤=

rest

nnh
,0

80,
9

1
][

c) 








=−
=

=
=

14,8,14

7,0

6,0,

][

nn

n

nn

nh

d) ]11[]8[2]6[5]5[5]3[2][][ −+−−−+−+−−= nxnxnxnxnxnxny

e) 11109765421 5,0225,0)( −−−−−−−−− −−+−−++−+= zzzzzzzzzzH

f) 51)( −−= zzH

g) 61)( −−= zzH
5HSUH]HQWD L�JUDILF�U VSXQVXO�OD�LPSXOV�DO�ILHF UXL�ILOWUX�

2. 6 � VH� GHWHUPLQH� úL� V � VH� UHSUH]LQWH� JUDILF� IXQF LD� SRQGHUH� ][nh  a filtrului
digital RFI�FX�ID] �OLQLDU ��GH�WLSXO����FX�FRHILFLHQ L�UHDOL�úL�FX�RUGLQXO�PLQLP
SRVLELO�� úWLLQG� F � IXQF LD� GH� WUDQVIHU� )(zH  are zerourile 4/

1 33,0 πjez −= ,

7,02 −=z , 4/
3

πjez = �úL� jz 5,04 = ��6 �VH�UHSUH]LQWH�SR]L LRQDUHD�]HURXULORU�vQ
planul Z .

3. 5HOXD L�SUREOHPD���vQ�FD]XO�vQ�FDUH�ILOWUXO�HVWH�GH�WLSXO���

0 1 2 3 4 5 6 7 8
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3.3.  Proiectarea filtrelor RFI�FX�ID] �OLQLDU

Principalele metode utilizate în proiectarea acestei categorii importante de
filtre RFI sunt: metoda ferestrelor, PHWRGD�HúDQWLRQ ULL� vQ� IUHFYHQ � úL metode
ED]DWH�SH�PLQLPL]DUHD�HURULL�vQ�GRPHQLXO�IUHFYHQ , utilizând un anumit criteriu
de eroare.

3.3.1.  Metoda ferestrelor

Se GLVWLQJH�SULQWU�R�VHULH�GH�DYDQWDMH�FRQVWkQG�vQ�VLPSOLWDWH��RE LQHUHD�GH
IRUPXOH� FRPSDFWH� SHQWUX� FDOFXOXO� FRHILFLHQ LORU� úL� OLSVD� SURFHGXULORU� GH
RSWLPL]DUH� D� VROX LHL� �FDUH� QHFHVLW � vQ� JHQHUDO� XQ� WLPS� GH� FDOFXO� LPSRUWDQW��
0HWRGD�SUHVXSXQH�SDUFXUJHUHD�D�GRX �HWDSH�
a) ÌQ� SULPD� HWDS � VH� GHWHUPLQ � U VSXQVXO� OD� LPSXOV� ][nh∞ , cu suport infinit

( ∞<<∞− n ���SRUQLQG�GH�OD�IXQF LD�GH�WUDQVIHU�LPSXV ��QRWDW �DLFL� )( ωjeH∞ . În
DFHVW�VFRS�VXSRUWXO�PDWHPDWLF�vO�RIHU �WUDQVIRUPDWD�)RXULHU�LQYHUV �

=∞ ][nh { } ∫ ∞∞
− =

π

ωωω ω
π 2

1 )(
2

1
)( deeHeH njjj                      (3.25)

WUDQVIRUPDWD�GLUHFW �ILLQG�

=∞ )( ωjeH { } nj

n

enhnh ω−
∞

−∞=
∞∞ ∑= ][][                              (3.26)

'HRDUHFH� VH� GRUHúWH� FD� ILOWUXO� UH]XOWDQW� V � DLE � ID]D� OLQLDU �� HVWH� QHFHVDU� FD� vQ
)( ωjeH∞ �V �ILH�LQFOXV�úL�IDFWRUXO�GH�ID] �OLQLDU ��DGLF �





== −−

−−

∞
3,4tipurilepentru;)(

1,2tipurilepentru;)(
)()(

)2/)1(2/(

2/)1(
)(

Njj
d

Njj
djj

d
j

eeH

eeH
eeHeH ωπω

ωω
ωθωω

                                                                                                             (3.27)

unde )( ωj
d eH �UHSUH]LQW �IXQF LD�GH�WUDQVIHU�GRULW �GH�ID] �]HUR�D�ILOWUXOXL�LGHDO�

)7-��)76��)7%��)2%��GLIHUHQ LDWRU�GLJLWDO��WUDQVIRUPDWRU�GLJLWDO�+LOEHUW�



���),/75(��&8��5 63816��),1,7��/$��,038/6

65

Astfel, de exemplu:
- pentru FTJ digital ideal:





<<
<

=
πωω

ωωω

t

tj
d eH

pentru;0

pentru;1
)(                              (3.28)

- pentru transformatorul Hilbert digital ideal:





∈−
−∈

=
),0(pentru;1

)0,(pentru;1
)(

πω
πωωj

d eH                            (3.29)

- SHQWUX�GLIHUHQ LDWRUXO�GLJLWDO�GH�EDQG �ODUJ �LGHDO:

),(pentru;)( ππωωω −∈=j
d eH                             (3.30)

b) ÌQ�D�GRXD��HWDS �VH�UHDOL]HD] �WUXQFKLHUHD�U VSXQVXOXL�OD�LPSXOV� ][nh∞  astfel
vQFkW�V �VH�RE LQ �VHFYHQ D�GH�OXQJLPH�ILQLW �N��DGLF �



 −≤≤

= ∞

restin       0

10pentru][][
][

Nnnhnw
nh                          (3.31)

7UXQFKLHUHD� DEUXSW � D� U VSXQVXOXL� OD� LPSXOV�SRDWH� IL� SULYLW � úL� FD�R�ponderare
�vQPXO LUH��D�VHFYHQ HL�GH� OXQJLPH� LQILQLW �FX�R� IXQF LH�SRQGHUH�de lungime N,
GHQXPLW �IHUHDVWU �úL�QRWDW �SULQ� ][nw .

$WHQ LH:
5HIHULWRU� OD� DFHDVW � PHWRG � GH� SURLHFWDUH� WUHEXLH� UH LQXWH� XUP WRDUHOH

aspecte:
a) 7UXQFKLHUHD� WUHEXLH� I FXW � DVWIHO� vQFkW� ][nh � V � FRQ LQ � FHO�SX LQ� FkWH��� OREL

ODWHUDOL�OD�VWkQJD�úL�OD�GUHDSWD�OREXOXL�FHQWUDO�SHQWUX�D�RE LQH�XQ�EXQ�U VSXQV
vQ�IUHFYHQ �

b) )XQF LD� SRQGHUH� WUXQFKLDW � ][nh �� GHILQLW � SH� VXSRUWXO� { }1,1,0 −∈ Nn K , nu
WUHEXLH� V � DLE � 0]1[]0[ =−= Nhh �� VLWXD LH� vQ� FDUH� OXQJLPHD� ILOWUXOXL� DU� IL
GHFODUDW �IDOV�

c) 0HWRGD�GH�SURLHFWDUH�VH�PDL�QXPHúWH�úL�PHWRGD�GH]YROW ULL� vQ�VHULH�)RXULHU
GHRDUHFH� UHOD LD� ������� UHSUH]LQW � SUDFWLF� R� GH]YROWDUH� vQ� VHULH� )RXULHU� D
IXQF LHL�SHULRGLFH�GH�SHULRDG � π2 , )( ωjeH∞ ��FRHILFLHQ LL�VHULHL�ILLQG�FDOFXOD L
FX�UHOD LD��������
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d) $VRFLHUHD� IDFWRUXOXL� GH� ID] � OLQLDU � GLQ� H[SUHVLD� ������� SUH]LQW � GRX
DYDQWDMH�� SH� GH� R� SDUWH� VH� RSHUHD] � FX� IXQF LD� )( ωjeH ∞ �� GH� SHULRDG � π2
SHQWUX� WRDWH� WLSXULOH� GH� ILOWUH�� LDU� SH� GH� DOW � SDUWH�� WUXQFKLHUHD� DVLJXU
ORFDOL]DUHD� U VSXQVXOXL� GH� OXQJLPH� ILQLW � N, direct pe suportul dorit

10 −≤≤ Nn .
e) 7UXQFKLHUHD� GLUHFW � D� VHULHL� )RXULHU� FRQIRUP� UHOD LHL� �������� FRQGXFH� OD

fenomenul Gibbs (efectul Gibbs�� FDUH� VH� PDQLIHVW � SULQ� DSDUL LD� XQRU
RQGXOD LL��GHQXPLWH�ripluri��DOH�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�SURLHFWDW�
FDUH� FUHVF� F WUH� PDUJLQLOH� EHQ]LORU� GH� WUHFHUH� úL� RSULUH�� vQ� DSURSLHUHD
SXQFWHORU�GH�GLVFRQWLQXLWDWH� DOH� FDUDFWHULVWLFLL� LGHDOH�� ÌQ�SOXV�YD� DS UHD� úL� R
]RQ �GH�WUDQ]L LH�vQ�MXUXO�IUHFYHQ HORU�GH�W LHUH�WHRUHWLFH�

6WXGLXO� HIHFWXOXL� *LEEV� SHUPLWH� HYLGHQ LHUHD� FHULQ HORU� IXQGDPHQWDOH� SH
FDUH�WUHEXLH�V �OH�vQGHSOLQHDVF �R�IHUHDVWU �vQ�VFRSXO�RE LQHULL�XQXL�ILOWUX�RFI cu
SHUIRUPDQ H�FkW�PDL�EXQH�úL�DQXPH�
1. /REXO�SULQFLSDO�DO�IHUHVWUHL�V �ILH�FkW�PDL�vQJXVW�
2. /REXO�SULQFLSDO�V �FRQ LQ �FHD�PDL�PDUH�SDUWH�GLQ�HQHUJLD�IHUHVWUHL�
3. (QHUJLD�ORELORU�VHFXQGDUL�V �ILH�FkW�PDL�XQLIRUP�UHSDUWL]DW �vQWUH�DFHúWLD�

5HVWULF LLOH� GH� PDL� VXV� GHWHUPLQ � vQ� DFHHDúL� RUGLQH� XUP WRDUHOH
SHUIRUPDQ H�SHQWUX�ILOWUXO�SURLHFWDW�
1. =RQ �GH�WUDQ]L LH�vQJXVW �
2. 5LSOXUL�PLFL�DOH�U VSXQVXOXL�vQ�IUHFYHQ �
3. 8QLIRUPL]DUHD� ULSOXULORU�� vQ� VFRSXO� HYLW ULL� VLWXD LHL� vQ� FDUH� HQHUJLD� ORELORU

VHFXQGDUL�DL�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�SURLHFWDW�HVWH�FRQFHQWUDW �vQ
principal în primii lobi secundari.

ÌQ� JHQHUDO� FHOH� WUHL� FHULQ H� QX� SRW� IL� VDWLVI FXWH� GH� QLFL� R� IHUHDVWU � GH
SRQGHUDUH�GHRDUHFH�FHULQ HOH���úL���VXQW�FRQWUDGLFWRULL�

&HD�PDL�VLPSO �IHUHDVWU �HVWH�IHUHDVWUD�GUHSWXQJKLXODU ��GHILQLW �DVWIHO�



 −≤≤

=
restin    0

10pentru1
][

Nn
nwd                                      (3.32)

(D�vQGHSOLQHúWH�FHO�PDL�ELQH�SULPD�FHULQ �úL�VDWLVI F WRU�FHULQ HOH������
Se pRDWH� DF LRQD� SHQWUX� UHGXFHUHD� ULSOXULORU� vQ� FHOH� GRX � EHQ]L� SULQ

XWLOL]DUHD�DOWRU�WLSXUL�GH�IHUHVWUH��FDUH�UHDOL]HD] �WUXQFKLHUL�PDL�SX LQ�DEUXSWH�DOH
U VSXQVXOXL�OD�LPSXOV� ][nh∞ ��FRPSDUDWLY�FX�IHUHDVWUD�GUHSWXQJKLXODU �úL�DQXPH�
IHUHDVWUD� WULXQJKLXODU , fereastra Hanning, fereastra Hamming, fereastra
Blackman, fereastra Kaiser, etc.
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��������)XQF LLOH�IHUHDVWU

)HUHDVWUD�WULXQJKLXODU �(Bartlett)

2

1

1

2
1][

−−
+

−= N
n

N
nw , 10 −≤≤ Nn       (3.33)

Fereastra Blackman












 +⋅+










 +⋅−=

2

14
cos08,0

2

12
cos5,042,0][ n

N
n

N
nw   , 10 −≤≤ Nn

      (3.34)

)HUHDVWUD�GUHSWXQJKLXODU �(UHFWDQJXODU )

w[n] = 1 , 10 −≤≤ Nn       (3.35)

Sintaxa:
w = boxcar(N)

• UHWXUQHD] � XQ� YHFWRU� FRORDQ  w de lungime N� FH� YD� FRQ LQH� YDORULOH
ferestrei dreptunghiulare.

Fereastra Hamming












 +−=

2

12
cos46,054,0][ n

N
nw , 10 −≤≤ Nn       (3.36)

Fereastra Hanning (von Hann)












 +−=

2

12
cos5,05,0][ n

N
nw , 10 −≤≤ Nn       (3.37)

Fereastra Kaiser

)(

1
1

2
1

][
0

2

0

I

N

n
I

=nw
















 −

−
−

, 10 −≤≤ Nn       (3.38)

unde I0>�@�HVWH�IXQF LD�%HVVHO�PRGLILFDW �GH�RUGLQXO�]HUR�



���),/75(��&8��5 63816��),1,7��/$��,038/6

68

Parametrul β �GHSLQGH�GH�DWHQXDUHD�PLQLP �Dm[dB] din zona de oprire a filtrului
SURLHFWDW�GXS �IRUPXOD�

dB

dB21a,0

50adB21,)21a(07886,0)21a(5842,0

dB50a,)7,8a(1102,0

m

mm
4.0

m

mm







<
≤≤−+−

>−
=β       (3.39)

3HUIRUPDQ HOH� ILOWUHORU� SURLHFWDWH� FX� IHUHVWUHOH� GUHSWXQJKLXODU �� +DPPLQJ�
%ODFNPDQ�SRW�IL�RE LQXWH�IRORVLQG�IHUHVWUH�.DLVHU�FX�β = 0, β = 5,4414 respectiv
β = 8,885.

Sintaxa:
w = kaiser(N,beta)
• UHWXUQHD] � XQ� YHFWRU� FRORDQ  w de lungime N� FH� FRQ LQH� YDORULOH
IXQF LHL�IHUHDVWU �.DLVHU��YH]L�UHOD LD����������beta�UHSUH]LQW �YDORDUHD
parametrului β ��YH]L�UHOD LD���������

$WHQ LH:
ÌQ� 0$7/$%� H[LVW � úL� IXQF LLOH� IHUHDVWU � bartlett, blackman,

hamming, hanning, triang�FH�SRW�IL�DSHODWH�FX�VLQWD[D�JHQHUDO �

Z� �QXPHBIHUHDVWU �1�
• UHWXUQHD] � XQ� YHFWRU� FRORDQ  w de lungime N� FH� YD� FRQ LQH� YDORULOH

ferestrei specificate prin QXPHBIHUHDVWU .

5HOD LLOH�GH�GHILQL LH�SHQWUX�IXQF LLOH�IHUHDVWU �vQ�0$7/$%�GLIHU �vQV �GH
cele prezentate în teorie deoarece:
- lungimea ferestrei N� FH� DSDUH� OD� QXPLWRUXO� UHOD LLORU� SUH]HQWDWH� PDL� VXV� VH

PRGLILF �vQ�N�±����DFHDVW �VFKLPEDUH�LPSOLF �PRGLILFDUHD�WUHFHULORU�SULQ�]HUR
DOH� FDUDFWHULVWLFLORU� DPSOLWXGLQH�IUHFYHQ � UH]XOWkQG� R� QRX � SR]L LRQDUH� D
ORELORU� �vQ� IXQF LH� GH� N�� FX� LPSOLFD LL� DVXSUD� ULSOXULORU� FDUDFWHULVWLFLL
DPSOLWXGLQH�IUHFYHQ � SHQWUX� ILOWUXO� SURLHFWDW�� IHQRPHQXO� HVWH� YL]LELO� úL
defavorabil mai ales pentru lungimi ale ferestrei mici (N < 15).

- V�D� LQXW� FRQW� GH� IDSWXO� F � SULPXO� HOHPHQW� GLQWU�XQ� YHFWRU� DUH� vQWRWGHDXQD
LQGLFHOH����úL�QX����úL�V�D�UHDOL]DW�R�LQGH[DUH�FX���D�YDULDELOHL�n.

6H� SRW� FUHD� vQV � QRL� IXQF LL� 0$7/$%� FDUH� V � UHDOL]H]H� IHUHVWUHOH� GH
ponderare pornind de la formulele teoretice prezentate anterior. Vom
H[HPSOLILFD�vQ�FRQWLQXDUH�DFHVW�OXFUX�SHQWUX�IHUHDVWUD�+DPPLQJ��YH]L�VHF LXQHD
�������úL�UHOD LD���������
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function w=hamm(N)
n=0:N-1;
w=0.54-0.46*cos(2*pi/N*(n’+1/2));

E3. ([HUFL LL:
3RUQLQG� GH� OD� H[HPSOXO� SUH]HQWDW� V � VH� UHDOL]H]H� IXQF LL� 0$7/$%� SHQWUX
XUP WRDUHOH�IHUHVWUH�GH�SRQGHUDUH�
hann  – fereastra Hanning (von Hann);
bart�±�IHUHDVWUD�WULXQJKLXODU ��%DUWOHWW��
black – fereastra Blackman

Exemplu:
5HDOL]D L�R�FRPSDUD LH�vQWUH�IHUHDVWUD�GUHSWXQJKLXODU �úL�IHUHDVWUD�+DPPLQJ�GLQ
SXQFW� GH� YHGHUH� DO� FHULQ HORU� WHRUHWLFH� GLVFXWDWH� �YH]L� SDJLQD� ����� 6H� YD� DOHJH
lungimea ferestrelor 15=N .

n=0:14;
wd=boxcar(15);
wh=hamm(15);
subplot(2,1,1),stem(n,wd)
subplot(2,1,2),stem(n,wh)

���V�DX�GHILQLW�úL�UHSUH]HQWDW�JUDILF�vQ�GRPHQLXO�WLPS�FHOH�GRX �IXQF LL�IHUHDVWU �
3HQWUX� D� UHDOL]D� FRPSDUD LD� vQWUH� HOH� YRP� IRORVL� R� YDULDQW � QRUPDW � D� DFHVWRUD
impunând ca în 0=ω � V �DYHP� 1][)( == ∑

n

j nweW ω � ���G%���9D� WUHEXL�GHFL� V

vPS U LP�YDORULOH�ILHF UXL�HúDQWLRQ�DO�IHUHVWUHL�OD�VXPD�WXWXURU�HúDQWLRDQHORU�
wdn=wd/sum(wd);
whn=wh/sum(wh);
Wd=fft(wdn,512);
Wh=fft(whn,512);
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w=-pi:2*pi/512:pi-2*pi/512;
plot(f,fftshift(abs(Wd)),’b’,f,fftshift(abs(Wh)),’r’)

���V�DX�UHSUH]HQWDW�FDUDFWHULVWLFLOH�DPSOLWXGLQH�IUHFYHQ �DOH�FHORU�GRX �IHUHVWUH�
3HQWUX�UHSUH]HQWDUHD�vQ�G%�D�DFHVWRUD�YRP�IRORVL�XUP WRDUHD�FRPDQG �
plot(f,20*log10(fftshift(abs(Wd))),’b’,...
f, 20*log10(fftshift(abs(Wh))),’r’),grid

���VH�REVHUY �F �
- lobul principal al ferestrei dreptunghiulare este mai îngust decât lobul

SULQFLSDO� DO� IHUHVWUHL� +DPPLQJ� úL� GHFL� ILOWUHOH� SURLHFWDWH� IRORVLQG� IHUHDVWUD
GUHSWXQJKLXODU �YRU�DYHD�R�]RQ �GH�WUDQ]L LH�PDL�vQJXVW �GHFkW�FHOH�SURLHFWDWH
folosind fereastra Hamming;

- FHULQ D�FD�OREXO�SULQFLSDO�V �FRQ LQ �FHD�PDL�PDUH�SDUWH�GLQ�HQHUJLD�IHUHVWUHL
HVWH� vQGHSOLQLW � PDL� ELQH� GH� IHUHDVWUD� +DPPLQJ� úL� SULQ� XUPDUH� ILOWUHOH
SURLHFWDWH� FX� DFHDVW � IHUHDVWU � YRU� DYHD� ULSOXUL�PDL�PLFL� DOH� U VSXQVXOXL� vQ
IUHFYHQ �FRPSDUDWLY�FX�ILOWUHOH�SURLHFWDWH�IRORVLQG�IHUHDVWUD�GUHSWXQJKLXODU �

- HQHUJLD� ORELORU� VHFXQGDUL� HVWH�PDL� XQLIRUP� UHSDUWL]DW � vQWUH� DFHúWLD� vQ� FD]XO
IHUHVWUHL� +DPPLQJ� FHHD� FH� LPSOLF � R� PDL� EXQ � XQLIRUPL]DUH� D� ULSOXULORU
U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�SURLHFWDW�FX�DFHDVW �IHUHDVWU ��FRPSDUDWLY
FX�ILOWUXO�SURLHFWDW�FX�IHUHDVWUD�GUHSWXQJKLXODU �

5HOXD L�H[HPSOXO�IRORVLQG�IXQF LD�hamming�GLQ�0$7/$%��&H�REVHUYD L"
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E4. ([HUFL LL:
)RORVLQG� PRGHOXO� GLQ� H[HPSOX� UHDOL]D L� FRPSDUD LL� vQWUH� IHUHDVWUD
GUHSWXQJKLXODU �úL�FHOHODOWH�WLSXUL�GH�IHUHVWUH��9DULD L�OXQJLPHD�IHUHVWUHL�N. Ce se
REVHUY �RGDW �FX�FUHúWHUHD�DFHVWHLD"

3.3.3. )XQF LL� 0$7/$%� SHQWUX� SURLHFWDUHD� ILOWUHORU� RFI prin metoda
ferestrelor

Fie h n[ ] � U VSXQVXO� OD� LPSXOV� DO� ILOWUXOXL� GLJLWDO� RFI. Notând cu N
OXQJLPHD� DFHVWHL� VHFYHQ H� FDX]DOH�� GHILQLW � SH� VXSRUWXO� 0 1≤ ≤ −n N ,
transformata Z a lui h n[ ] �UHSUH]LQW �IXQF LD�GH�WUDQVIHU�D�ILOWUXOXL�

∑
−

=

−−−−− −++++==
1

0

)1(21 ]1[......]2[]1[]0[][)(
N

n

Nn zNhzhzhhznhzH  (3.40)

LQkQG�FRQW�GH�IDSWXO�F �vQ�0$7/$%�SULPXO�HOHPHQW�GLQWU�XQ�YHFWRU�DUH
LQGLFHOH����IXQF LD�GH�WUDQVIHU�D�XQXL�ILOWUX�GLJLWDO�FX�U VSXQV�ILQLW�OD�LPSXOV�SRDWH
IL�H[SULPDW �VXE�IRUPD�

nznhzhzhhzH −−− +++++= ]1[......]3[]2[]1[)( 21       (3.41)

în care ]1[],......,3[],2[],1[ +nhhhh � UHSUH]LQW � FRHILFLHQ LL� IXQF LHL� GH� WUDQVIHU� D
ILOWUXOXL� �HúDQWLRDQHOH� U VSXQVXOXL� OD� LPSXOV� DO� ILOWUXOXL�� LDU� n va fi ordinul
filtrului.

)XQF LLOH� 0$7/$%� fir1� úL� fir2 permit proiectarea prin metoda
ferestrelor a filtrelor digitale RFI. Se poate folosi oricare din ferestrele
SUH]HQWDWH�vQ�VHF LXQHD�SUHFHGHQW �

$WHQ LH:
- &RPSDUkQG�UHOD LLOH��������úL��������SXWHP�WUDJH�FRQFOX]LD�F �RUGLQXO�ILOWUXOXL

n� GLQ� UHOD LD� ������� HVWH� HJDO� FX�N� ±� �� �OXQJLPHD� VHFYHQ HL�PLQXV� XQX�� GLQ
UHOD LD� ��������$FHVW�DVSHFW� WUHEXLH�DYXW� vQ�YHGHUH� OD� WUHFHUHD�GH� OD� WHRULH� OD
SURJUDPDUH�SHQWUX�HYLWDUHD�DSDUL LHL�XQRU�UH]XOWDWH�HURQDWH�

- )XQF LD�0$7/$%�fir1�FDOFXOHD] �FRHILFLHQ LL�ILOWUXOXL�DVWIHO�vQFkW�VXPD�ORU
V �ILH�HJDO �FX��� impunând ca în 0=ω �V �DYHP� 1][)( == ∑

n

j nheH ω  (0 dB).

- 1RUPDUHD�IUHFYHQ HORU�VH�IDFH�vQ�PRG�GLIHULW��vQ�FRPSDUD LH�FX�UHOD LD��������

teoretic
e

MATLAB f
F

F
f 2

2/
==       (3.42)
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fir1 – Proiectarea prin metoda ferestrelor a filtrelor digitale RFI de tipul
trece jos (FTJ), trece sus (FTS)��WUHFH�EDQG �(FTB)�úL�RSUHúWH�EDQG �(FOB).

Sintaxe:

h = fir1(n,Wn)
• SURLHFWHD] �SULQ�PHWRGD�IHUHVWUHORU��XWLOL]kQG�R�IHUHDVWU �+DPPLQJ�GH�OXQJLPH
n + 1, un filtru trece jos de ordinul n�FX�IUHFYHQ D�GH�W LHUH�QRUPDW �Wn; Wn
DUH� YDORUL� FXSULQVH� vQWUH� �� úL� ��� XQGH� �� FRUHVSXQGH� MXP W LL� IUHFYHQ HL� GH
HúDQWLRQDUH��� GDF � DYHP� IUHFYHQ HOH�GH� W LHUH� úL� GH� HúDQWLRQDUH� H[SULPDWH� vQ
Hz atunci

Wn� �IUHFYHQ D�GH�W LHUH��IUHFYHQ D�GH�HúDQWLRQDUH����
• GDF �Wn� HVWH� XQ� YHFWRU� FX� GRX � HOHPHQWH��Wn=[w1,w2] cu w1<w2, se va
SURLHFWD� SULQ�PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU �+DPPLQJ� GH� OXQJLPH
n+1, un ILOWUX� WUHFH� EDQG  de ordinul n�� FX� EDQGD� GH� WUHFHUH� FXSULQV � vQWUH
IUHFYHQ HOH�w1�úL�w2��QRUPDWH�GXS �UHJXOD�SUHFHGHQW ��

• se va returna vectorul linie h de lungime n���FH�FRQ LQH�FRHILFLHQ LL�IXQF LHL
de transfer H z( )  a filtrului ( [ ]]1[],......,3[],2[],1[h += nhhhh �� YH]L� UHOD LD
(3.41));

h = fir1(n,Wn,’high’)
• SURLHFWHD] �SULQ�PHWRGD�IHUHVWUHORU��XWLOL]kQG�R�IHUHDVWU �+DPPLQJ�GH�OXQJLPH
n+1, un filtru trece sus de ordinul n (ordinul n WUHEXLH�V �ILH�SDU��FX�IUHFYHQ D
GH�W LHUH�Wn;

h = fir1(n,Wn,’stop’)

• Wn� HVWH� XQ� YHFWRU� FX� GRX � HOHPHQWH�� Wn=[w1,w2] cu w1<w2 ; se va
SURLHFWD� SULQ�PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU �+DPPLQJ� GH� OXQJLPH
n+1, un ILOWUX�RSUHúWH�EDQG  de ordinul n (ordinul n WUHEXLH� V � ILH�SDU), cu
EDQGD�GH�RSULUH�FXSULQV �vQWUH�w1�úL�w2.

h = fir1(n,Wn,tip_fereastra(n+1))
• tip_fereastra VSHFLILF � WLSXO� IHUHVWUHL� �YH]L� VHF LXQHD� �������� FX� FDUH
GRULP�V �SURLHFW P�ILOWUXO��vQ�ORF�GH�tip_fereastra(n+1) poate fi orice
YHFWRU�FRORDQ �GH�OXQJLPH�n���FH�FRQ LQH�YDORULOH�HúDQWLRDQHORU�XQHL�VHFYHQ H
SH�FDUH�GRULP�V �R�IRORVLP�SH�SRVW�GH�IHUHDVWU �vQ�SURLHFWDUHD�ILOWUXOXL�

• VH� YD� SURLHFWD� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� IHUHDVWUD� VSHFLILFDW � GH
lungime n + 1, un filtru trece jos de ordinul n�FX�IUHFYHQ D�GH�W LHUH�Wn;

• GDF �Wn� HVWH� XQ� YHFWRU� FX� GRX � HOHPHQWH��Wn=[w1,w2] cu w1<w2, se va
SURLHFWD� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� IHUHDVWUD� VSHFLILFDW � GH� OXQJLPH
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n+1, un ILOWUX� WUHFH� EDQG  de ordinul n�� FX� EDQGD� GH� WUHFHUH� FXSULQV � vQWUH
IUHFYHQ HOH�w1�úL�w2.

h = fir1(n,Wn,’high’,tip_fereastra(n+1))
• SURLHFWHD] �SULQ�PHWRGD�IHUHVWUHORU��XWLOL]kQG�IHUHDVWUD�VSHFLILFDW �GH�OXQJLPH
n+1, un filtru trece sus de ordinul n (ordinul n WUHEXLH�V �ILH�SDU��FX�IUHFYHQ D
GH�W LHUH�Wn;

h = fir1(n,Wn,’stop’,tip_fereastra(n+1))
• Wn�HVWH�XQ�YHFWRU�FX�GRX �HOHPHQWH��Wn=[w1,w2] cu w1<w2; se va proiecta
SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� IHUHDVWUD� VSHFLILFDW � GH� OXQJLPH� n+1, un
ILOWUX�RSUHúWH�EDQG  de ordinul n (ordinul n WUHEXLH�V �ILH�SDU), cu banda de
RSULUH�FXSULQV �vQWUH�w1�úL�w2.

Exemplu:
6 � VH� SURLHFWH]H� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU

GUHSWXQJKLXODU �� XQ� ILOWUX� WUHFH� MRV� FX� OXQJLPHD� 31=N � úL� IUHFYHQ D� GH� W LHUH
kHz5=tF �� )UHFYHQ D� GH� HúDQWLRQDUH� HVWH� kHz40=eF �� 6 � VH� UHSUH]LQWH� JUDILF

IXQF LD� SRQGHUH� D� ILOWUXOXL�� SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO�Z úL� FDUDFWHULVWLFD
DPSOLWXGLQH�IUHFYHQ �SHQWUX�IXQF LHL�GH�WUDQVIHU��UHSUH]HQWDUH�OLQLDU �úL�vQ�G%��

'DF � ILOWUXO� DUH� OXQJLPHD� 31=N  atunci ordinul filtrului (n din sintaxa
MATLAB) va fi 301 =−= Nn , lungimea ferestrei va fi 311 ==+ Nn , iar
IUHFYHQ D�GH�W LHUH�QRUPDW ��Wn�GLQ�VLQWD[D�0$7/$%��VH�FDOFXOHD] �DVWIHO�

25,0
2/40

5

2/
===

e

t
MATLAB F

F
f

h=fir1(30,0.25,boxcar(31));
n=0:30;
stem(n,h),grid

0 5 10 15 20 25 30
-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3



���),/75(��&8��5 63816��),1,7��/$��,038/6

74

zplane(h)

���GLQ�FHOH�GRX �UHSUH]HQW UL�VH�REVHUY �F �ILOWUXO�SURLHFWDW�HVWH�GH�WLSXO���

H=fft(h,512);
w=-pi:2*pi/512:pi-2*pi/512;
plot(w,fftshift(abs(H))),grid

plot(w,20*log10(fftshift(abs(H)))),grid

���VH�UHPDUF �SUH]HQ D�ULSOXULORU�úL�P ULPHD�ORU�vQ�DSURSLHUHD�]RQHL�GH�WUDQ]L LH��
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5HOXD L�H[HPSOXO�SUHFHGHQW folosind o lungime 51=N ��&H�REVHUYD L�UHIHULWRU�OD
GLPHQVLXQHD�ULSOXULORU�úL�D�]RQHL�GH�WUDQ]L LH"
)RORVL L�DSRL�vQ�SURLHFWDUH�fereastra Hamming��&RPSDUD L�FX�UH]XOWDWHOH�RE LQXWH
OD�SURLHFWDUHD�FX�IHUHDVWUD�GUHSWXQJKLXODU �

E5. ([HUFL LL:
1. 6 � VH� SURLHFWH]H� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU

GUHSWXQJKLXODU ��XQ�ILOWUX�WUHFH�VXV�FX�OXQJLPHD� 31=N �úL�IUHFYHQ D�GH�W LHUH
kHz5=tF �� )UHFYHQ D� GH� HúDQWLRQDUH� HVWH� kHz40=eF �� 3UHFL]D L� WLSXO

ILOWUXOXL�� 6 � VH� UHSUH]LQWH� JUDILF� IXQF LD� SRQGHUH� D� ILOWUXOXL�� SR]L LRQDUHD
zerourilor în planul Z úL�FDUDFWHULVWLFD�DPSOLWXGLQH�IUHFYHQ �SHQWUX� IXQF LHL
GH�WUDQVIHU��UHSUH]HQWDUH�OLQLDU �úL�vQ�G%��

2. 5HOXD L�SUREOHPD���IRORVLQG� 51=N ��'LVFXWD L�UH]XOWDWHOH�RE LQXWH�
3. 5HOXD L� SUREOHPD� �� IRORVLQG� vQ� SURLHFWDUH� úL� FHOHODOWH� WLSXUL� GH� IHUHVWUH�

&RPHQWD L�UH]XOWDWHOH�RE LQXWH�SUH]HQWkQG�DYDQWDMHOH�úL�GH]DYDQWDMHOH�IRORVLULL
ILHF UXL�WLS�GH�IHUHDVWU �

4. 6 � VH� SURLHFWH]H� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU
GUHSWXQJKLXODU ��XQ�ILOWUX�WUHFH�EDQG �FX�OXQJLPHD� 46=N �úL� IUHFYHQ HOH�GH
W LHUH� kHz51 =tF �úL� kHz152 =tF ��)UHFYHQ D�GH�HúDQWLRQDUH�HVWH� kHz40=eF .
3UHFL]D L� WLSXO� ILOWUXOXL�� 6 � VH� UHSUH]LQWH� JUDILF� IXQF LD� SRQGHUH� D� ILOWUXOXL�
SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO� Z úL� FDUDFWHULVWLFD� DPSOLWXGLQH�IUHFYHQ
SHQWUX�IXQF LHL�GH�WUDQVIHU��UHSUH]HQWDUH�OLQLDU �úL�vQ�G%��

5. 5HOXD L�SUREOHPD���SHQWUX� IUHFYHQ HOH�GH� W LHUH� kHz81 =tF � úL� kHz102 =tF .
&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

6. 5HOXD L�SUREOHPD���SHQWUX�IUHFYHQ HOH�GH�W LHUH� kHz81 =tF �úL� kHz102 =tF �úL
lungimea 86=N ��&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

7. 5HOXD L� SUREOHPD� �� IRORVLQG� vQ� SURLHFWDUH� úL� FHOHODOWH� WLSXUL� GH� IHUHVWUH�
&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

8. 6 � VH� SURLHFWH]H� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU
GUHSWXQJKLXODU �� XQ� ILOWUX� RSUHúWH� EDQG � FX� OXQJLPHD� 45=N � úL� IUHFYHQ HOH
GH� W LHUH� kHz51 =tF � úL� kHz152 =tF �� )UHFYHQ D� GH� HúDQWLRQDUH� HVWH

kHz40=eF ��3UHFL]D L�WLSXO�ILOWUXOXL��6 �VH�UHSUH]LQWH�JUDILF�IXQF LD�SRQGHUH�D
ILOWUXOXL�� SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO� Z úL� FDUDFWHULVWLFD� DPSOLWXGLQH�
IUHFYHQ �SHQWUX�IXQF LHL�GH�WUDQVIHU��UHSUH]HQWDUH�OLQLDU �úL�vQ�G%��

9. 5HOXD L�SUREOHPD���SHQWUX� IUHFYHQ HOH�GH� W LHUH� kHz81 =tF � úL� kHz102 =tF .
&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

10. 5HOXD L�SUREOHPD���SHQWUX�IUHFYHQ HOH�GH�W LHUH� kHz81 =tF �úL� kHz102 =tF �úL
lungimea 85=N ��&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

11. 5HOXD L� SUREOHPD� �� IRORVLQG� vQ� SURLHFWDUH� úL� FHOHODOWH� WLSXUL� GH� IHUHVWUH�
&RPHQWD L�UH]XOWDWHOH�RE LQXWH�
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fir2 – Proiectarea prin metoda ferestrelor a filtrelor digitale RFI cu
U VSXQV�vQ�IUHFYHQ �DUELWUDU�DOHV�

Sintaxe :

h = fir2(n,f,m)
• n� UHSUH]LQW �ordinul filtrului� SH� FDUH� GRULP� V �O� SURLHFW P� �OXQJLPHD�PLQXV

unu);
• vectorul f� FRQ LQH�YDORUL� GH�SH� D[D� IUHFYHQ HORU� QRUPDWH�� DFHVWH� YDORUL� VXQW
FXSULQVH�vQWUH���úL����SULPXO�HOHPHQW�DO�YHFWRUXOXL�f�WUHEXLH�V �ILH���LDU�XOWLPXO
HOHPHQW� WUHEXLH� V � ILH� ���� XQGH� �� FRUHVSXQGH� MXP W LL� IUHFYHQ HL� GH
HúDQWLRQDUH�� GDF � DYHP� IUHFYHQ HOH� H[SULPDWH� vQ�+]� DWXQFL� SHQWUX� D� FDOFXOD
elementele vectorului f vom face conversia:

IUHFYHQ D>+]@��IUHFYHQ D�GH�HúDQWLRQDUH>+]@����
• vectorul m� FRQ LQH� YDORULOH� PRGXOXOXL� U VSXQVXOXL� vQ� IUHFYHQ � GRULW�� DFHVWH
YDORUL�FRUHVSXQG�IUHFYHQ HORU�GLQ�YHFWRUXO�f; comanda plot(f,m)�YD�DILúD
FDUDFWHULVWLFD�GH�PRGXO�D�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�GRULW�

• se va returna vectorul linie h de lungime n�����FH�FRQ LQH�FRHILFLHQ LL�IXQF LHL
de transfer H z( )  a filtrului ( [ ]]1[],......,3[],2[],1[h += nhhhh �� YH]L� UHOD LD
(3.41));

• SURLHFWDUHD� VH� IDFH�SULQ�PHWRGD� IHUHVWUHORU� IRORVLQG�R� IHUHDVWU �+DPPLQJ�GH
lungime n + 1.

h = fir2(n,f,m,tip_fereastra(n+1))
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• tip_fereastra VSHFLILF � WLSXO� IHUHVWUHL� �YH]L� VHF LXQHD� �������� FX� FDUH
GRULP�V �SURLHFW P�ILOWUXO��vQ�ORF�GH�tip_fereastra(n+1) poate fi orice
YHFWRU�FRORDQ �GH�OXQJLPH�n���FH�FRQ LQH�YDORULOH�HúDQWLRDQHORU�XQHL�VHFYHQ H
SH�FDUH�GRULP�V �R�IRORVLP�SH�SRVW�GH�IHUHDVWU �vQ�SURLHFWDUHD�ILOWUXOXL�

Exemplu:
6 � VH� SURLHFWH]H� SULQ� PHWRGD� IHUHVWUHORU�� XWLOL]kQG� R� IHUHDVWU

GUHSWXQJKLXODU �� XQ� ILOWUX� WUHFH� MRV� FX� OXQJLPHD� 31=N � úL� IUHFYHQ D� GH� W LHUH
kHz5=tF �� )UHFYHQ D� GH� HúDQWLRQDUH� HVWH� kHz40=eF �� 6 � VH� UHSUH]LQWH� JUDILF

IXQF LD� SRQGHUH� D� ILOWUXOXL�� SR]L LRQDUHD� ]HURXULORU� vQ� SODQXO�Z úL� FDUDFWHULVWLFD
DPSOLWXGLQH�IUHFYHQ �SHQWUX�IXQF LHL�GH�WUDQVIHU��UHSUH]HQWDUH�OLQLDU �úL�vQ�G%��
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'DF � ILOWUXO� DUH� OXQJLPHD� 31=N  atunci ordinul filtrului (n din sintaxa
MATLAB) va fi 301 =−= Nn , lungimea ferestrei va fi 311 ==+ Nn , iar
IUHFYHQ D�GH�W LHUH�QRUPDW ��Wn�GLQ�VLQWD[D�0$7/$%��VH�FDOFXOHD] �DVWIHO�

25,0
2/40

5

2/
===

e

t
MATLAB F

F
f

f=[0,0.25,0.25,1];
m=[1,1,0,0];
plot(f,m),axis([0 1 –0.2 1.2])

��� V�D� DILúDW� FDUDFWHULVWLFD�GH�PRGXO� D� U VSXQVXOXL� vQ� IUHFYHQ � DO� ILOWUXOXL� GRULW
�ILOWUX�WUHFH�MRV�LGHDO���VH�REVHUY �FRUHVSRQGHQ D�GLQWUH�YDORULOH�YHFWRULORU�f �úL�m:
OD� IUHFYHQ D� �� PRGXOXO� HVWH� ��� OD� IUHFYHQ D� ����� PRGXOXO� HVWH� �� úL� DSRL� �
�GHRDUHFH������HVWH�IUHFYHQ D�WHRUHWLF �GH�W LHUH��GLQ�DFHDVW �FDX] �vQ�YHFWRUXO�f
DSDUH� GH� GRX � RUL� YDORDUHD� ������ LDU� OD� IUHFYHQ D� �� PRGXOXO� HVWH� ��� FRPDQGD
axis�V�D�IRORVLW�SHQWUX�R�PDL�EXQ �YL]XDOL]DUH�D�JUDILFXOXL�

h=fir2(30,f,m,boxcar(31));
n=0:30;
stem(n,h),grid

��� VH� REVHUY � GLIHUHQ D� ID � GH� YDORULOH� U VSXQVXOXL� OD� LPSXOV� RE LQXW� SULQ
proiectarea cu fir1 � �YH]L�SDJLQD������ DFHDVWD� VH�GDWRUHD] � IDSWXOXL� F � IXQF LD
fir2 �QX�PDL�LPSXQH�FRQGL LD�FD�vQ� 0=ω �V �DYHP� 1][)( == ∑

n

j nheH ω  (0 dB).
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zplane(h)

���GLQ�FHOH�GRX �UHSUH]HQW UL�VH�REVHUY �F �ILOWUXO�SURLHFWDW�HVWH�GH�WLSXO���
H=fft(h,512);
w=-pi:2*pi/512:pi-2*pi/512;
plot(w,fftshift(abs(H))),grid

plot(w,20*log10(fftshift(abs(H)))),grid

���VH�UHPDUF �SUH]HQ D�ULSOXULORU�úL�P ULPHD�ORU�vQ�DSURSLHUHD�]RQHL�GH�WUDQ]L LH�
&RPSDUD L�FX�UHSUH]HQW ULOH�RE LQXWH�OD�fir1��YH]L�SDJLQD������&H�UHPDUFD L"
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5HOXD L�H[HPSOXO�SUHFHGHQW folosind o lungime 51=N ��&H�REVHUYD L�UHIHULWRU�OD
GLPHQVLXQHD�ULSOXULORU�úL�D�]RQHL�GH�WUDQ]L LH"
)RORVL L�DSRL�vQ�SURLHFWDUH�fereastra Hamming��&RPSDUD L�FX�UH]XOWDWHOH�RE LQXWH
OD�SURLHFWDUHD�FX�IHUHDVWUD�GUHSWXQJKLXODU �

E6. ([HUFL LL:
5HOXD L�SUREOHPHOH������úL���GLQ�FDGUXO�H[HUFL LLORU�GH�OD�fir1 (vezi pagina 75)
IRORVLQG�SHQWUX�SURLHFWDUH�IXQF LD�fir2��&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

3.3.4. )XQF LL� 0$7/$%� SHQWUX� SURLHFWDUHD� ILOWUHORU� RFI prin metode
ED]DWH�SH�DSUR[LPDUHD�vQ�GRPHQLXO�IUHFYHQ

6XSRUWXO� WHRUHWLF� vO� FRQVWLWXLH� WHRULD� DSUR[LP ULL� IXQF LLORU� GH� WUDQVIHU
utilizând un anumit criteriu de minimizare a erorii� GLQWUH� IXQF LD� GH� WUDQVIHU
DSUR[LPDQW � úL� FHD� DSUR[LPDW � �GRULW ��� HURDUHD� ILLQG� HYDOXDW � vQ� EHQ]LOH� GH
IUHFYHQ �GH�LQWHUHV�SUDFWLF��EDQGD�GH�WUHFHUH�HIHFWLY �úL�EDQGD�GH�RSULUH�HIHFWLY
în cazul unui filtru trece jos).

firls – Proiectarea filtrelor digitale RFI prin aproximarea în sensul celor
PDL�PLFL�S WUDWH�D�XQXL�U VSXQV�vQ�IUHFYHQ �VSHFLILFDW.

Sintaxe:

h = firls(n,f,m)
• n� UHSUH]LQW �ordinul� ILOWUXOXL� SH� FDUH� GRULP� V �O� SURLHFWDP� �OXQJLPHD�PLQXV

unu);
• vectorul f� FRQ LQH�YDORUL� GH�SH� D[D� IUHFYHQ HORU� QRUPDWH�� DFHVWH� YDORUL� VXQW
FXSULQVH� vQWUH���úL����XQGH���FRUHVSXQGH� MXP W LL� IUHFYHQ HL�GH�HúDQWLRQDUH�
GDF � DYHP� IUHFYHQ HOH� H[SULPDWH� vQ� +]� DWXQFL� SHQWUX� D� FDOFXOD� HOHPHQWHOH
vectorului f vom face conversia:

IUHFYHQ D>+]@��IUHFYHQ D�GH�HúDQWLRQDUH>+]@����
• vectorul m� FRQ LQH� YDORULOH� PRGXOXOXL� U VSXQVXOXL� vQ� IUHFYHQ � GRULW�� DFHVWH
YDORUL�FRUHVSXQG�IUHFYHQ HORU�GLQ�YHFWRUXO�f; comanda plot(f,m)�YD�DILúD
FDUDFWHULVWLFD�GH�PRGXO�D�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�GRULW�

• lungimea vectorilor f úL m WUHEXLH�V �ILH�XQ�QXP U�SDU ;
• se va returna vectorul linie h de lungime n�����FH�FRQ LQH�FRHILFLHQ LL�IXQF LHL

de transfer H z( )  a filtrului ( [ ]]1[],......,3[],2[],1[h += nhhhh �� YH]L� UHOD LD
(3.41));
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h = firls(n,f,m,’hilbert’)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• se va proiecta un transformator Hilbert.

h = firls(n,f,m,’differentiator’)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• se va proiecta un GLIHUHQ LDWRU�GLJLWDO.

h = firls(n,f,m,w)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• vectorul w� FRQ LQH� YDORULOH� SRQGHULORU� FRUHVSXQ] WRDUH� DSUR[LP ULORU� GLQ
ILHFDUH�EDQG ��OXQJLPHD�VD�YD�IL�HJDO �FX�MXP WDWH�GLQ�OXQJLPHD�YHFWRULORU�f
úL�m.

h = firls(n,f,m,w,’hilbert’)
• n, f, m, w�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[HOH�DQWHULRDUH�
• se va proiecta un transformator Hilbert.

h = firls(n,f,m,w,’differentiator’)
• n, f, m, w�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[HOH�DQWHULRDUH�
• se va proiecta un GLIHUHQ LDWRU�GLJLWDO.

remez  – 3URLHFWDUHD�ILOWUHORU�GLJLWDOH�5),�SULQ�DSUR[LPDUH�&HEvúHY��XWLOL]kQG
DOJRULWPXO�VFKLPE ULORU�5HPH]�(algoritmul Parks-McClellan).

Sintaxe:

h = remez(n,f,m)
• n� UHSUH]LQW �ordinul� ILOWUXOXL� SH� FDUH� GRULP� V �O� SURLHFWDP� �OXQJLPHD�PLQXV

unu);
• vectorul f� FRQ LQH�YDORUL� GH�SH� D[D� IUHFYHQ HORU� QRUPDWH�� DFHVWH� YDORUL� VXQW
FXSULQVH� vQWUH���úL����XQGH���FRUHVSXQGH� MXP W LL� IUHFYHQ HL�GH�HúDQWLRQDUH�
GDF � DYHP� IUHFYHQ HOH� H[SULPDWH� vQ� +]� DWXQFL� SHQWUX� D� FDOFXOD� HOHPHQWHOH
vectorului f vom face conversia:

IUHFYHQ D>+]@��IUHFYHQ D�GH�HúDQWLRQDUH>+]@����
• vectorul m� FRQ LQH� YDORULOH� PRGXOXOXL� U VSXQVXOXL� vQ� IUHFYHQ � GRULW�� DFHVWH
YDORUL�FRUHVSXQG�IUHFYHQ HORU�GLQ�YHFWRUXO�f; comanda plot(f,m)�YD�DILúD
FDUDFWHULVWLFD�GH�PRGXO�D�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�GRULW�

• lungimea vectorilor f úL m WUHEXLH�V �ILH�XQ�QXP U�SDU ;
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• se va returna vectorul linie h de lungime n�����FH�FRQ LQH�FRHILFLHQ LL�IXQF LHL
de transfer H z( )  a filtrului ( [ ]]1[],......,3[],2[],1[h += nhhhh �� YH]L� UHOD LD
(3.41));

h = remez(n,f,m,’hilbert’)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• se va proiecta un transformator Hilbert.

h = remez(n,f,m,’differentiator’)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• se va proiecta un GLIHUHQ LDWRU�GLJLWDO.

h = remez(n,f,m,w)
• n, f, m�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �
• vectorul w� FRQ LQH� YDORULOH� SRQGHULORU� FRUHVSXQ] WRDUH� DSUR[LP ULORU� GLQ
ILHFDUH�EDQG ��OXQJLPHD�VD�YD�IL�HJDO �FX�MXP WDWH�GLQ�OXQJLPHD�YHFWRULORU�f
úL�m.

h = remez(n,f,m,w,’hilbert’)
• n, f, m, w�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[HOH�DQWHULRDUH�
• se va proiecta un transformator Hilbert.

h = remez(n,f,m,w,’differentiator’)
• n, f, m, w�úL�h�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[HOH�DQWHULRDUH�
• se va proiecta un GLIHUHQ LDWRU�GLJLWDO.

remezord  – 'HWHUPLQDUHD�SDUDPHWULORU�GH�LQWUDUH�DL�IXQF LHL�remez.

Sintaxe:

[n,fo,mo,w] = remezord(f,m,dev)
• vectorul f�FRQ LQH�YDORULOH�IUHFYHQ HORU�GH�OD�FDSHWHOH�EHQ]LORU�GH�LQWHUHV��GH
H[HPSOX� vQ� FD]XO� XQXL� ILOWUX� WUHFH� MRV� HVWH� YRUED� GHVSUH� IUHFYHQ D� OLPLW
VXSHULRDU �D�EHQ]LL�GH�WUHFHUH�úL�IUHFYHQ D�OLPLW �LQIHULRDU �D�EHQ]LL�GH�RSULUH��

• vectorul m�VSHFLILF �YDORULOH�DPSOLWXGLQLORU�GRULWH�SHQWUX�PRGXOXO�U VSXQVXOXL
vQ� IUHFYHQ � DO� ILOWUXOXL�� vQ� EHQ]LOH� VSHFLILFDWH� GH� YHFWRUXO�f (de exemplu în
cazul unui filtru trece jos vectorul m� YD� FRQ LQH� YDORULOH� ��� FRUHVSXQ] WRDUH
EHQ]LL�GH�WUHFHUH�úL����FRUHVSXQ] WRDUH�EHQ]LL�GH�RSULUH��

• lungimea vectorului f = 2⋅(lungimea vectorului m) – 2;



���),/75(��&8��5 63816��),1,7��/$��,038/6

82

• vectorul dev�FRQ LQH�YDORULOH�PD[LP�DGPLVH�DOH�HURULORU�GH�DSUR[LPDUH�GLQWUH
DPSOLWXGLQHD�GRULW � �VSHFLILFDW � vQ�YHFWRUXO�m�� úL� DPSOLWXGLQHD� FDUDFWHULVWLFLL
GH�PRGXO�D�U VSXQVXOXL�vQ�IUHFYHQ �DO�ILOWUXOXL�UH]XOWDW�

• lungimea vectorului dev = lungimea vectorului m ;
• rezultatele n, fo, mo�úL�w�YRU�IL�FKLDU�SDUDPHWULL�GH�LQWUDUH�DL�IXQF LHL�remez:
h=remez(n,fo,mo,w)

[n,fo,mo,w] = remezord(f,m,dev,Fs)

• Fs� VSHFLILF � YDORDUHD� IUHFYHQ HL� GH� HúDQWLRQDUH�� GDF � QX� HVWH� VSHFLILFDW
IUHFYHQ D�GH� HúDQWLRQDUH� �FD� vQ� VLQWD[D�SUHFHGHQW �� VH� DOHJH� vQ�PRG� LPSOLFLW
valoarea Fs� ���+]��DFHVW�OXFUX�LPSOLF �IDSWXO�F �IUHFYHQ D�1\TXLVW�HVWH���+]�

• FHLODO L�SDUDPHWULL�DX�DFHOHDúL�VHPQLILFD LL�FD�vQ�VLQWD[D�SUHFHGHQW �

2EVHUYD LH:
ÌQ�XQHOH�FD]XUL�IXQF LD�remezord�VXEHVWLPHD] �RUGLQXO�ILOWUXOXL��ÌQ�DFHVW

FD]��GDF �QX�VXQWHP�PXOWXPL L�GH�FDUDFWHULVWLFLOH�ILOWUXO�RE LQXW��VH�SRDWH�vQFHUFD
un ordin mai mare majorând ordinul estimat cu 1 sau 2, folosindu-se pentru
proiectare h=remez(n+1,fo,mo,w) sau h=remez(n+2,fo,mo,w).

Exemplu:
6 � VH� SURLHFWH]H� IRORVLQG� DOJRULWPXO� VFKLPE ULORU� 5HPH]�� XQ� ILOWUX� WUHFH� MRV
DYkQG� ULSOXO� GH� ����� vQ� EDQGD� GH� WUHFHUH� úL� ���� vQ� EDQGD� GH� RSULUH�� )UHFYHQ D
OLPLW �VXSHULRDU �D�EHQ]LL�GH�WUHFHUH�HVWH���N+]�LDU�IUHFYHQ D�OLPLW �LQIHULRDU �D
EHQ]LL�GH�RSULUH�HVWH���N+]��)UHFYHQ D�GH�HúDQWLRQDUH�HVWH�)V� ����N+]�

f=[6000,8000];
m=[1,0];
dev=[0.01,0.1];
[n,fo,mo,w]=remezord(f,m,dev,24000) →  n =

    16
fo =
         0
    0.5000
    0.6667
    1.0000
mo =
     1
     1
     0
     0
w =
    10
     1

h=remez(n+2,fo,mo,w);


