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IMPULS

4.1.  Introducere

)LOWUHOH�FX�U VSXQV�LQILQLW�OD�LPSXOV��RII��VH�GRYHGHVF�vQ�DQXPLWH�DSOLFD LL
PDL�DYDQWDMRDVH�GHF W�ILOWUHOH�RFI�GDWRULW �IDSWXOXL�F �SRW�UHDOL]D�FDUDFWHULVWLFL�GH
VHOHFWLYLWDWH� H[FHOHQWH� FX� XQ� RUGLQ� PXOW� PDL� PLF� DO� IXQF LHL� GH� WUDQVIHU�� 6SUH
deosebire de filtrele RFI, filtrele RII�QX�SRW�DYHD�FDUDFWHULVWLFD�GH�ID] �OLQLDU �

,PSRVLELOLWDWHD�UHDOL] ULL�XQHL�ID]H�OLQLDUH�DUH�LPSOLFD LL�vQ�FHHD�FH�SULYHúWH
proiectarea filtrelor RII�� vQ� VHQVXO� F � DFHDVWD� SUHVXSXQH� ILH� DSUR[LPDUHD
VLPXOWDQ �DWkW�D�VSHFLILFD LLORU�SHQWUX�FDUDFWHULVWLFD�GH�DPSOLWXGLQH�FkW�úL�D�FHORU
UHIHULWRDUH� OD� ID] �� ILH� FRUHF LD� XOWHULRDU � D� GLVWRUVLXQLORU� GH� ID] � vQ� LSRWH]D� F
SURLHFWDUHD�V�D�ED]DW�QXPDL�SH�DSUR[LPDUHD�FDUDFWHULVWLFLL�GH�DPSOLWXGLQH��([LVW
un singur tip de filtru RII�OD�FDUH�XQD�GLQ�FHOH�GRX �FDUDFWHULVWLFL�HVWH�FRQVWDQW
(filtrului trece tot - FTT).

Filtrul RII�HVWH�GHVFULV�vQ�GRPHQLXO�WLPS�SULQ�HFXD LD�FX�GLIHUHQ H�ILQLWH�
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ÌQ�DFHDVW �VLWXD LH�IXQF LD�GH�WUDQVIHU�GHYLQH�

∑

∑

=

−

=

−

+
=

N

i

i
i

M

i

i
i

za

zb

zH

1

0

1
)(         (4.2)

vQ�FDUH�V�D�SUHVXSXV�F � 10 =a .



���),/75(��&8��5 63816��,1),1,7��/$��,038/6

84

Proiectarea unui filtru digital RII�FRQVW �vQ�GHWHUPLQDUHD�FRHILFLHQ LORU� ia
úL� ib � GLQ� H[SUHVLD� ������ DVWIHO� vQFkW� U VSXQVXO� OD� LPSXOV� DO� DFHVWXLD�� ][nh , sau

U VSXQVXO�vQ�IUHFYHQ �� )( ωjeH ��V �DSUR[LPH]H�vQWU�XQ�DQXPLW�PRG�VSHFLILFD LLOH
vQ� WLPS� GLVFUHW� VDX� vQ� IUHFYHQ � LPSXVH� OD� SURLHFWDUH�� 'RPHQLXO� vQ� FDUH� HVWH
UH]ROYDW �SUREOHPD�DSUR[LP ULL��WLPS�VDX�IUHFYHQ ��HVWH�GHWHUPLQDW�GH�DSOLFD LD
VSHFLILF �� 0HWRGHOH� GH� SURLHFWDUH� D� ILOWUHORU� RII� SRW� IL� FODVLILFDWH� vQ� GRX
categorii:
1. Metode indirecte� ED]DWH� SH� SURLHFWDUHD� vQ� SUHDODELO� D� XQXL� ILOWUX� DQDORJLF� úL
apoi transformarea acestuia într-unul digital;
2. Metode directe�XUP ULQG�UHDOL]DUHD�ILOWUHORU�GLJLWDOH�I U �UHIHULUH�OD�XQ�PRGHO
DQDORJLF�� $FHVWH� PHWRGH� VH� ED]HD] � SH� XWLOL]DUHD� FULWHULLORU� GH� DSUR[LPDUH� vQ
GRPHQLLOH�WLPS�VDX�IUHFYHQ �

������3URLHFWDUHD�LQGLUHFW �D�ILOWUHORU�RII

3URFHGXUD�FHD�PDL�IUHFYHQW�XWLOL]DW �GH�SURLHFWDUH�D�XQXL�ILOWUX�GLJLWDO�RII
FRQVW � vQ� WUDQVIRUPDUHD� XQXL� ILOWUX� DQDORJLF� vQWU�XQXO� GLJLWDO�� HFKLYDOHQW� FD
SHUIRUPDQ H��$FHDVW �DERUGDUH�SUH]LQW �GRX �DYDQWDMH�
D��H[SORDWHD] �FXQRúWLQ HOH�úL�PHWRGHOH�GH�SURLHFWDUH�D�ILOWUHORU�DQDORJLFH�
E��H[LVW � WUDQVIRUP UL�FDUH� FRQVHUY �SURSULHW LOH�GH� VHOHFWLYLWDWH�DOH�PRGHOXOXL
analogic.

3RUQLQG� GH� OD� VSHFLILFD LLOH� UHIHULWRDUH� OD� SHUIRUPDQ HOH� ILOWUXOXL� GLJLWDO�
SURLHFWDUHD�DFHVWXLD�QHFHVLW �SDUFXUJHUHD�XUP WRDUHORU�HWDSH�
���7UDQVIRUPDUHD�VSHFLILFD LLORU�GRULWH�SHQWUX�ILOWUXO�GLJLWDO�vQ�VSHFLILFD LL�LPSXVH
filtrului analogic prototip;
���2E LQHUHD� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF� SURWRWLS� DVWIHO� vQFkW� V � VH
UHDOL]H]H�VSHFLILFD LLOH�GHGXVH�OD�SXQFWXO���
��� 7UDQVIRUPDUHD� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF� vQ� IXQF LD� GH� WUDQVIHU
HFKLYDOHQW �FD�SHUIRUPDQ H�D�ILOWUXOXL�GLJLWDO�

'XS �RE LQHUHD�IXQF LHL�GH�WUDQVIHU� )(sH a  a prototipului analogic trebuie
J VLW � IXQF LD� GH� WUDQVIHU� )(zH � D� ILOWUXOXL� GLJLWDO�� RSHUD LH� GHQXPLW � IUHFYHQW
discretizarea filtrului analogic��$FHDVWD�QHFHVLW �vQ�GRPHQLXO�WLPS�WUHFHUHD�GH�OD
YDULDELOD� FRQWLQX � t� OD� FHD� GLVFUHW �n�� FHHD� FH� LPSOLF � SHQWUX� FDUDFWHUL]DUHD� vQ
IUHFYHQ �R�WUDQVIRUPDUH�GH�OD�SODQXO�s la planul Z. Orice astfel de transformare
WUHEXLH�V �VDWLVIDF �GRX �FHULQ H�IXQGDPHQWDOH�
I. 6 �WUDQVIRUPH�XQ�ILOWUX�DQDORJLF�VWDELO�vQWU�XQXO�GLJLWDO�GH�DVHPHQHD�VWDELO;
II. 6 � FRQVHUYH� FDUDWHULVWLFLOH� GH� VHOHFWLYLWDWH� �GH� PRGXO� úL� HYHQWXDO� ID] �� DOH
filtrului analogic.
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ÌQGHSOLQLUHD� SULPHL� FHULQ H� QHFHVLW � WUDQVIRUPDUHD� VHPLSODQXOXL� VWkQJ� DO
planului s� vQ� LQWHULRUXO� FHUFXOXL� GH� UD] � XQLWDWH� GLQ� SODQXO� Z, în timp ce
vQGHSOLQLUHD� FHOHL� GH�D� GRXD� FHULQ H� SUHWLQGH� FRQYHUVLD� OLQLDU  a axei { }Ωj  a

planului s� vQ� FRQWXUXO� FHUFXOXL� GH� UD] � XQLWDWH� � ωjez = ) al planului Z.
3URFHGXULOH�XWLOL]DWH�SHQWUX�GLVFUHWL]DUHD�IXQF LHL�GH�WUDQVIHU� )(sH a  satisfac cele
GRX �FHULQ H�vQWU�XQ�PRG�PDL�PXOW�VDX�PDL�SXWLQ�VDWLVI F WRU��6XQW�FXQRVFXWH�vQ
OLWHUDWXUD�GH�VSHFLDOLWDWH���DVHPHQHD�SURFHGXUL�úL�DQXPH�
1. 0HWRGD� WUDQVIRUP ULL� HFXD LHL� GLIHUHQWLDOH� FH� OHDJ � VHPQDOHOH� GH� LQWUDUH� úL
LHúLUH� DOH� SURWRWLSXOXL� DQDORJLF� vQ� HFXD LD� FX� GLIHUHQ H� ILQLWH� QHFHVDU � SHQWUX
caracterizarea în domeniul timp a filtrului digital;
2. 0HWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV;
3. 0HWRGD�WUDQVIRUP ULL�ELOLQLDUH;
4. 0HWRGD�WUDQVIRUP ULL�vQ�]�DGDSWDWH.

În FRQWLQXDUH� YRU� IL� SUH]HQWDWH� SURFHGXULOH� �� úL� �� FDUH� VDWLVIDF� LQWHJUDO
FHULQ D� ,� úL� IRDUWH� ELQH� �vQ� DQXPLWH� FRQGL LL�� FHULQ D� ,,�� ÌQ� VFKLPE� UH]XOWDWHOH
RE LQXWH�FX�PHWRGHOH���úL���VXQW�QHVDWLVI F WRDUH�vQ�FHHD�FH�SULYHúWH�FRQVHUYDUHD
SURSULHW LORU�GH�VHOHFWLYLWDWH�SH�XQ�GRPHQLX�ODUJ�GH�IUHFYHQ �

��������0HWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV

$FHDVW � PHWRG � VH� ED]HD] � SH� FRQVHUYDUHD� U VSXQVXOXL� OD� LPSXOV�� vQ
VHQVXO� F � U VSXQVXO� OD� LPSXOV� DO� ILOWUXOXL� GLJLWDO�� QRWDW� ][nh  este versiunea
HúDQWLRQDW � D� U VSXQVXOXL� OD� LPSXOV� DO� ILOWUXOXL� DQDORJLF�� QRWDW� )(tha . În
FRQWLQXDUH�YRU�IL�XWLOL]DWH�QRWD LD� Fπ2=Ω �SHQWUX�D�GHVHPQD�GRPHQLXO�IUHFYHQ
DO� ILOWUXOXL� DQDORJLF� úL� QRWD LD� fπω 2= � SHQWUX� D� GHVHPQD� GRPHQLXO� IUHFYHQ
QRUPDW �DO�ILOWUXOXL�GLJLWDO�

3URFHGXUD� GH� RE LQHUH� D� ILOWUXOXL� GLJLWDO� SULQ� PHWRGD� LQYDULDQ HL
U VSXQVXOXL�OD�LPSXOV�QHFHVLW �SDUFXUJHUHD�XUP WRDUHORU�HWDSH�

1. Se descompune )(sH a �vQ�IUDF LL�HOHPHQWDUH�
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���6H�GHWHUPLQ �IXQF LD�SRQGHUH�D�ILOWUXOXL�GLJLWDO�
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(IHFWXkQG�FDOFXOHOH�VH�RE LQ�FRHILFLHQ LL� ii ba ,  ai filtrului digital.
6H� GHPRQVWUHD] � F � ILOWUXO� GLJLWDO� UHSURGXFH� U VSXQVXO� vQ� IUHFYHQ � DO

ILOWUXOXL�DQDORJLF�SH�LQWHUYDOXO�GH�IUHFYHQ

],[
2

,
2

ππω −∈⇔



 ΩΩ−∈Ω ss

GDF �úL�QXPDL�GDF �VXQW�vQGHSOLQLWH�FRQGL LLOH�

)(][ nTThnh a=                                                 (4.7)

T
T

ωω =Ω⇔Ω=                                               (4.8)

Ma jH Ω≥Ω=Ω la0)(                                        (4.9)

0HWRGD�G � UH]XOWDWH�EXQH�SHQWUX�GLVFUHWL]DUHD� ILOWUHORU�DQDORJLFH�DO�F URU
U VSXQV� OD� LPSXOV� VDWLVIDFH� �FKLDU� DSUR[LPDWLY�� FRQGL LD� GH� VHPQDO� GH� EDQG
OLPLWDW ��UHOD LD���������&D�DWDUH�SRDWH�IL�DSOLFDW �OD�SURLHFWDUHD�)7-�úL�)7%�GDU�QX
úL�OD�SURLHFWDUHD�)76��)2%��)77��([LVW �WRWXúL�)76��)2%��)77�RE LQXWH�SH�FDOHD
LQYDULDQ HL�U VSXQVXOXL� OD� LPSXOV��SULQ�SURLHFWDUHD�XQXL�SURWRWLS�DQDORJLF�GH� WLS
WUHFH� MRV�� GLVFUHWL]DUHD� DFHVWXLD� FRQIRUP� UHOD LHL� ������ úL� DSRL� WUDQVIRUPDUHD
ILOWUXOXL� GLJLWDO� WUHFH� MRV� vQWU�XQXO� WUHFH� VXV� VDX� RSUHúWH� EDQG �� IRORVLQG
WUDQVIRUP UL�GH�IUHFYHQ �DGHFYDWH�

ÌQ�UHDOLWDWH�IXQF LLOH�GH�WUDQVIHU�DOH�ILOWUHORU�DQDORJLFH�QX�VDWLVIDF�GHFkW�FX
DSUR[LPD LH� FRQGL LD� ������� HOH� H[LVWkQG� SH� WRDW � D[D� IUHFYHQ HORU�� IDSW� FDUH
FRQGXFH�OD�HIHFWH�GH�DOLHUH�VSHFWUDO ��8QHRUL�VH�XWLOL]HD] �XQ�ILOWUX�DQDORJLF�WUHFH
MRV� FX� SDQW � DEUXSW � D� FDUDFWHULVWLFLL� GH� DWHQXDUH� �GHQXPLW� ILOWUX� GH� JDUG ),
FRQHFWDW� vQ� FDVFDG � FX� ILOWUXO� DQDORJLF� SURWRWLS� SHQWUX� D� UHDOL]D� FRQGL LD� GH
U VSXQV�vQ�IUHFYHQ �GH�EDQG �OLPLWDW �DO�ILOWUXOXL�UH]XOWDQW�
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��������0HWRGD�WUDQVIRUP ULL�ELOLQLDUH

7UDQVIRUPDUHD� ELOLQLDU  este o transformare de la planul s la planul Z
FDUH� FRQVHUY � IRUPD� DOJHEULF � �IXQF LH� UD LRQDO �� D� IXQF LHL� GH� WUDQVIHU�� (VWH
GHILQLW �SULQ�UHOD LD��T�UHSUH]LQW �SHULRDGD�GH�HúDQWLRQDUH��
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$YDQWDMHOH� PHWRGHL� WUDQVIRUP ULL� ELOLQLDUH�� FDUH� GHWHUPLQ � XWLOL]DUHD� FX
SUHF GHUH� D� DFHVWHLD� SHQWUX� GLVFUHWL]DUHD� SURWRWLSXOXL� DQDORJLF�� FRQVWDX� vQ
XUP WRDUHOH�
D�� (URULOH� GH� DOLHUH� LQHUHQWH� PHWRGHL� LQYDULDQ HL� U VSXQVXOXL� OD� LPSXOV� VXQW
HOLPLQDWH�GHRDUHFH�vQWUHDJD�D[ � { }Ωj  a planului s�HVWH�WUDQVIRUPDW �vQ�FRQWXUXO
cercului unitate din planul z;
E��7UDQVIRUP �VLVWHPH�DQDORJLFH�VWDELOH�vQ�VLVWHPH�GLVFUHWH�VWDELOH��GHFL�FHULQ D�,
HVWH�vQGHSOLQLW ��
F�� (VWH� R� WUDQVIRUPDUH� DOJHEULF � VLPSO �� IXQF LD� GH� WUDQVIHU� D� ILOWUXOXL� GLJLWDO
RE LQkQGX�VH�GLQ�FHD�D�ILOWUXOXL�DQDORJLF�SULQ�VXEVWLWX LD�
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([LVW � WRWXúL� XQ� QHDMXQV� DO� DFHVWHL� PHWRGH� FRQVWkQG� vQ� WUDQVIRUPDUHD
QHOLQLDU �D�D[HL�{ }Ωj  a planului s�vQ�FHUFXO�GH�UD] �XQLWDWH� ωjez =  al planului Z.
3HQWUX� D� HYDOXD� QDWXUD� úL�P ULPHD� QHOLQLDULW LL� VH� FRQVLGHU � Ω= js � vQ� UHOD LD

��������IDSW�FH�LPSOLF � 1=z ��DGLF � ωjez = ��5H]XOW �

2
tan2

2
tan

2

2
tan

1

1

2
1 T

T
j

e

eTj
j

j Ω=⇔=Ω⇔=
+
−=Ω −

−

−

ωωω
ω

ω

                                                           (4.12)

1HOLQLDULWDWHD�LPSOLF �UHVWUkQJHUHD�GRPHQLXOXL�GH�DSOLFDELOLWDWH�D�PHWRGHL�
$FHDVW � PHWRGD� HVWH� LQGLFDW � DWXQFL� FkQG� U VSXQVXO� VLVWHPXOXL� DQDORJLF� HVWH
FRQVWDQW� vQ� IUHFYHQ � VDX� HVWH� IRUPDW� GLQ� SRU LXQL� SH� FDUH� HVWH� DSUR[LPDWLY
FRQVWDQW�� 1X� SRDWH� IL� DSOLFDW � GHFL� SHQWUX� GLIHUHQ LDWRDUH� úL� ILOWUH� %HVVHO�
GHRDUHFH� WUDQVIRUPDUHD� QX� FRQVHUY � OLQLDULWDWHD� FDUDFWHULVWLFLL� GH� DPSOLWXGLQH�
UHVSHFWLY� D� FHOHL� GH� ID] �� 6H� DSOLF � FX� VXFFHV� OD� SURLHFWDUHD� )7-�� )76�� )7%�
FOB, FTT.
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�������3URLHFWDUHD�LQGLUHFW �D�ILOWUHORU�GLJLWDOH�RII�IRORVLQG�IXQF LL�0$7/$%

I.   Proiectarea filtrelor analogice

)XQF LD�GH�WUDQVIHU�D�XQXL�ILOWUX�DQDORJLF�GH�RUGLQXO�N este:
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5 VSXQVXO� vQ� IUHFYHQ � � �OD� IUHFYHQ H� IL]LFH��HVWH� IXQF LD�GH� VLVWHP�HYDOXDW �SH
D[D� LPDJLQDU � D� SODQXOXL� s�� 3URLHFWDUHD� XQXL� ILOWUX� DQDORJLF� FRQVW � vQ
GHWHUPLQDUHD� FRHILFLHQ LORU� ii dc , �� FDUH� FRQGXF� OD� RSWLPL]DUHD� S WUDWXOXL

PRGXOXOXL�IXQF LHL�GH�WUDQVIHU�
2

)( ΩjHa , în conformitate cu un anumit criteriu

GH� PLQLPL]DUH� D� HURULL� GLQWUH� IXQF LD� GRULW � �IXQF LD� GH� DSUR[LPDW�� úL� FHD

UHDOL]DW � �IXQF LD�DSUR[LPDQW ���6H� OXFUHD] � FX�
2

)( ΩjHa � �úL�QX�FX� )( ΩjHa )

SHQWUX�F �HVWH�R�IXQF LH�UD LRQDO �

'XS �GHWHUPLQDUHD�OXL�
2

)( ΩjHa �VH�H[SULP �
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úL�DSRL�VH�VHSDU � )(sH a  astfel:

- polii lui )(sH a  sunt zerourile lui )( 2sG −  localizate în semiplanul stâng
�GHWHUPLQDUH�XQLF �ED]DW �SH�VWDELOLWDWHD�ILOWUXOXL��

- zerourile lui )(sH a � VH� RE LQ� GLQ� ]HURXULOH� OXL� )( 2sE −  prin distribuirea
DFHVWRUD�GLQ�XUP �vQ�PRG�HJDO�vQWUH� )(sC �úL� )( sC − ��I U �D�VHSDUD�SHUHFKLOH�GH
]HURXUL�FRPSOH[�FRQMXJDWH��DFHDVWD�VSUH�D�RE LQH� )(sH a �FX�FRHILFLHQ L�UHDOL�
Determinarea lui )(sC �QX�HVWH�XQLF ��6SUH�GHRVHELUH�GH�SROL��]HURXULOH�SRW�IL
ORFDOL]DWH� úL� SH� D[D� Ωj  dar numai cu ordin de multiplicitate par în

)()( sHsH aa − .

6H� YRU� SUH]HQWD� vQ� FRQWLQXDUH� SH� VFXUW� IXQF LLOH� GH� WUDQVIHU� úL
FDUDFWHULVWLFLOH� ILOWUHOH� DQDORJLFH� GH� WLS� %XWWHUZRUWK�� &HEvúHY� ,�� &HEvúHY� ,,� úL
HOLSWLFH��&DXHU���FH�YRU�IL�IRORVLWH�DSRL�vQ�SURLHFWDUHD�LQGLUHFW �D�ILOWUHORU�GLJLWDOH�
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- Filtre analogice de tip Butterworth
5 VSXQVXO�vQ�IUHFYHQ �DO�XQXL�ILOWUX�DQDORJLF�WUHFH�MRV�GH�WLS�%XWWHUZRUWK

de ordinul N�úL�IUHFYHQ �GH�W LHUH� tΩ este dat de expresia:

N

t

a jH
2

2

1

1
)(







Ω
Ω+

=Ω       (4.15)

$FHVWD�UHDOL]HD] �R�FDUDFWHULVWLF �GH�WLS�PD[LP�SODW�OD� 0=Ω �vQ�VHQVXO�F
primele 12 −N  derivate sunt nule la 0=Ω . La tΩ=Ω , indiferent de ordinul N,
S WUDWXO�PRGXOXOXL�HVWH������&UHúWHUHD�OXL�N�FRQGXFH�vQV �OD�vQJXVWDUHD�]RQHL�GH

WUDQ]L LH��&DUDFWHULVWLFD� H ja ( )Ω 2
�UHDOL]HD] �R�DSUR[LPDUH�GH�WLS�PD[LP�SODW�úL

la ∞→Ω ��SHQWUX�DFHDVWD�IUHFYHQ �WRDWH�GHULYDWHOH�ILLQG�QXOH�

- )LOWUH�DQDORJLFH�GH�WLS�&HEvúHY�,
)LOWUHOH�&HEvúHY�GH�WLSXO�,�VXQW�ILOWUH�SROLQRPLDOH��GH�WLSXO�QXPDL�FX�SROL��

DYkQG�R�FDUDFWHULVWLF �GH�PRGXO�FX�ULSOXUL�HJDOH�vQ�EDQGD�GH�WUHFHUH�úL�PRQRWRQ
GHVFUHVF WRDUH�vQ�EDQGD�GH�RSULUH��'LQWUH�WRDWH�ILOWUHOH�SROLQRPLDOH�GH�RUGLQXO�N,
ILOWUHOH�&HEvúHY�GH�WLSXO�,�DX�]RQD�GH�WUDQ]L LH�FHD�PDL�vQJXVW �

3HQWUX� XQ� ILOWUX� DQDORJLF� WUHFH� MRV� GH� WLS� &HEvúHY� ,� GH� RUGLQXO�N� úL� FX
IUHFYHQ D�OLPLW �VXSHULRDU �D�EHQ]LL�GH�WUHFHUH� eΩ ��S WUDWXO�PRGXOXOXL�IXQF LHL�GH
WUDQVIHU�HVWH�GDW�GH�UHOD LD�
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în care )(xCN �HVWH�SROLQRPXO�&HEvúHY�GH�RUGLQXO�N :
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xpentruxN

xpentruxN

xCN       (4.17)

ÌQ� EDQGD� GH� RSULUH�� FDUDFWHULVWLFD� PRQRWRQ� GHVFUHVF WRDUH� D� PRGXOXOXL
IXQF LHL� GH� WUDQVIHU� UHDOL]HD] � R� DSUR[LPDUH� GH� WLS�PD[LP�SODW� D� YDORULL� LGHDOH
]HUR��GHRDUHFH�WRDWH�GHULYDWHOH�VDOH�VH�DQXOHD] �SHQWUX�Ω → ∞ ��3DQWD�GH�F GHUH
a caracteristicii este cu atât mai mare cu cât ordinul filtrului este mai mare, iar
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SHQWUX�GRX � ILOWUH�GH�DFHODúL� RUGLQ�SDQWD� HVWH�PDL� DEUXSW �SHQWUX� FHO� FX� ULSOXUL
PDL�PDUL� vQ�EDQGD�GH� WUHFHUH��3HUIRUPDQ HOH�ILOWUXOXL�VXQW�FRPSOHW�SUHFL]DWH�GH
parametrul ε �FH�IL[HD] �P ULPHD�ULSOXOXL�vQ�EDQGD�GH�WUHFHUH�úL�GH�RUGLQXO�N ce
GHWHUPLQ �DEUXSWLWXGLQHD�FDUDFWHULVWLFLL�GH�PRGXO��VDX�DWHQXDUH��

- )LOWUH�DQDORJLFH�GH�WLS�&HEvúHY�,,
)LOWUHOH� &HEvúHY� GH� WLSXO� ,,� UHDOL]HD] � R� DSUR[LPDUH� vQ� VHQV� &HEvúHY� D

PRGXOXOXL�IXQF LHL�GH�WUDQVIHU�vQ�]RQD�GH�RSULUH��PRGXOXO�GHVFUHVFkQG�PRQRWRQ
vQ� ]RQD� GH� WUHFHUH�� 6H� PDL� QXPHVF� úL� ILOWUH� LQYHUV� &HEvúHY deoarece, spre
GHRVHELUH� GH� ILOWUHOH� &HEvúHY� GH� WLSXO� ,�� LQYHUVHD] � PRGXO� GH� DSUR[LPDUH� D
FDUDFWHULVWLFLL� GH� PRGXO� �FX� ULSOXUL� HJDOH�� UHVSHFWLY� PD[LP� SODW�� vQ� FHOH� GRX
benzi.

3HQWUX� XQ� ILOWUX� DQDORJLF� WUHFH� MRV� GH� WLS� &HEvúHY� ,,� GH� RUGLQXO�N� úL� FX
IUHFYHQ D�OLPLW �LQIHULRDU �D�EHQ]LL�GH�RSULUH�Ωb ��S WUDWXO�PRGXOXOXL�IXQF LHL�GH
WUDQVIHU�HVWH�GDW�GH�UHOD LD�
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în care C xN ( ) �HVWH�SROLQRPXO�&HEvúHY�GH�RUGLQXO�N �YH]L�UHOD LD�������

- Filtre analogice de tip eliptic
)LOWUHOH�HOLSWLFH��GHQXPLWH�úL�filtre Cauer��DX�R�FDUDFWHULVWLF �GH�PRGXO�FX

ULSOXUL� HJDOH� vQ� DPEHOH�EHQ]L�GH� WUHFHUH� úL� GH�RSULUH��PRWLY�SHQWUX� FDUH� VH�PDL
QXPHVF� úL� ILOWUH� HFKLULSOX�� $SUR[LPDUHD� vQ� VHQV� &HEvúHY� D� FHULQ HORU� ILOWUXOXL
WUHFH� MRV� LGHDO� HVWH� H[WLQV � OD� DPEHOH� EHQ]L� SULQ� XWLOL]DUHD� IXQF LHL� UD LRQDOH
&HEvúHY� )(ΩNF .

Pentru un filtru analogic trece jos de tip eliptic, de ordinul N�� S WUDWXO
PRGXOXOXL�IXQF LHL�GH�WUDQVIHU�HVWH�GDW�GH�UHOD LD�

)(1

1
)(

22

2

Ω+
=Ω

N
a

F
jH

ε
      (4.19)

XQGH�IXQF LD�UD LRQDO �&HEvúHY� FN ( )Ω ��LQWURGXV �SHQWUX�SULPD�GDW �GH�&DXHU�vQ
WHRULD�FLUFXLWHORU�OLQLDUH��VH�H[SULP �DVWIHO�
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'XS �FXP�VH�YHGH�GLQ�DFHDVW �UHOD LH��IXQF LD� )(ΩNF �DUH�SROLL�vQ�QXP U�HJDO�FX
]HURXULOH�úL�SODVD L�VLPHWULF�ID �GH�DFHVWHD�vQ�UDSRUW�FX�IUHFYHQ D�Ω0 ��GHILQLW �FD

PHGLH�JHRPHWULF �D�IUHFYHQ HORU�OLPLW �GH�WUHFHUH�úL�GH�RSULUH : beΩΩ=Ω2
0 .

)LOWUHOH�HOLSWLFH�VXQW�FRQVLGHUDWH�RSWLPDOH��vQ�VHQVXO�F ��SHQWUX�XQ�DFHODúL
ordin N�úL�DFHOHDúL�IUHFYHQ H�OLPLWH� eΩ �úL� bΩ ��UHDOL]HD] �FHOH�PDL�PLFL�ULSOXUL�vQ
EHQ]LOH�GH�WUHFHUH�úL�GH�RSULUH�FRPSDUDWLY�FX�WRDWH�FHOHODOWH�WLSXUL�GH�ILOWUH�

Datele de gabarit pentru filtrele analogice (exemplificare pentru un FTJ)

6H�FRQVLGHU �F �
- ]RQD�GH�WUHFHUH�HIHFWLY �YDULD] �vQWUH�YDORDUHD�PD[LP ���úL�YDORDUHD�PLQLP

t∆−1 ;
- ]RQD�GH�EORFDUH�YDULD] �vQWUH���úL� b∆ ;
- tbe ΩΩΩ ,, � UHSUH]LQW � vQ� RUGLQH� IUHFYHQ D� GH� WUHFHUH� HIHFWLY �� IUHFYHQ D� GH

RSULUH�HIHFWLY �úL�IUHFYHQ D�GH�W LHUH�WHRUHWLF ��H[SULPDWH�vQ�UDGLDQL�VHFXQG �
8]XDO� OD� SURLHFWDUH� DFHVWH� SHUIRUPDQ H� VXQW� GDWH� vQ� G%�� VXE� IRUPD

DWHQX ULL�PD[LPH�vQ�EDQG �GH�WUHFHUH�HIHFWLY �� Ma �úL�D�DWHQX ULL�PLQLPH�vQ�]RQD
GH�RSULUH�HIHFWLY �� ma :

)( ΩjHa

ΩbΩeΩ
b∆

t∆−1

1

2/1

tΩ
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)1lg(20 tMa ∆−−=       (4.21)

)lg(20 bma ∆−=             (4.22)

$WHQ LH:
)XQF LLOH�0$7/$%�buttord, cheb1ord, cheb2ord� úL�ellipord

SHUPLW�GHWHUPLQDUHD�RUGLQXOXL�PLQLP�úL�D�IUHFYHQ HL�GH�W LHUH�SHQWUX�WLSXULOH�GH
filtre analogice prezentate anterior (în ordine: Butterworth, &HEvúHY�,, &HEvúHY�,,
úL�eliptice���SRUQLQG�GH�OD�VSHFLILFD LLOH�GH�JDEDULW�

6LQWD[D�JHQHUDO :

[n,Wn]=nume_functie(Wp,Ws,Rp,Rs,’s’)

• nume_functie� SRDWH� IL� RULFDUH� GLQWUH� IXQF LLOH� buttord, cheb1ord,
cheb2ord�úL�ellipord;

• Rp� UHSUH]LQW � GLPHQVLXQHD� ULSOXOXL� �H[SULPDW � vQ� G%�� GLQ� EDQGD� GH� WUHFHUH
�DWHQXDUHD� PD[LP � GLQ� EDQGD� GH� WUHFHUH�� LDU� Rs� UHSUH]LQW � GLPHQVLXQHD
ULSOXOXL��H[SULPDW �vQ�G%��GLQ�EDQGD�GH�RSULUH��DWHQXDUHD�PLQLP �GLQ�EDQGD�GH
oprire);

• Wp�úL�Ws�VXQW�IUHFYHQ HOH�OLPLW �DOH�EHQ]LORU�GH�WUHFHUH�úL�GH�RSULUH��HOH�YRU�IL
H[SULPDWH� vQ� UDGLDQL�VHFXQG � úL� YRU� IL�PDL�PDUL� FD���� vQ� FD]XO� ILOWUHORU� WUHFH
EDQG �úL�RSUHúWH�EDQG �Wp�úL�Ws�YRU�IL�YHFWRUL�FX�GRX �HOHPHQWH�

• ’s’ �LQGLF �IDSWXO�F �HVWH�YRUED�GH�XQ�ILOWUX�DQDORJLF�
• se vor returna:
1)  ordinul minim n� �YH]L� UHOD LD� �������� DO� XQXL� ILOWUX� DQDORJLF� GH� WLSXO
FRUHVSXQ] WRU� GDW� GH� nume_functie �� FH� VDWLVIDFH� FRQGL LLOH� GH� JDEDULW
impuse prin Wp, Ws, Rp, Rs;

2)  IUHFYHQ D�GH�W LHUH Wn��IUHFYHQ D�OD���G%��D�DFHOXLDúL�ILOWUX��vQ�FD]XO�ILOWUHORU
WUHFH�EDQG � úL� RSUHúWH�EDQG �Wn� YD� IL� XQ�YHFWRU� FX�GRX �HOHPHQWH�GHRDUHFH
DFHVWH�ILOWUH�SUH]LQW �GRX �]RQH�GH�W LHUH�

Ordinul filtrului analogic n� úL� IUHFYHQ D� VD� GH� W LHUH� Wn, ce constituie
DUJXPHQWHOH�GH�LHúLUH�DOH�IXQF LLORU�SUH]HQWDWH�DQWHULRU��YRU�VHUYL�FD�SDUDPHWULL�GH
LQWUDUH� SHQWUX� R� QRX � FDWHJRULH� GH� IXQF LL� 0$7/$%� ±� butter , cheby1 ,
cheby2 �úL�ellip �±�FDUH�DX�GUHSW�UH]XOWDW�FKLDU�FRHILFLHQ LL�IXQF LHL�GH�WUDQVIHU
a filtrului analogic respectiv.

ÌQ�0$7/$%��IXQF LD�GH�WUDQVIHU�D�XQXL�ILOWUX�DQDORJLF�FX�U VSXQV�LQILQLW
la impuls de ordinul n�HVWH�SULYLW �VXE�IRUPD�
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H s
B s

A s

b s b s b n s b n

s a s a s a n s a n

n n

n n n( )
( )

( )

( ) ( ) ...... ( ) ( )

( ) ( ) ...... ( ) ( )
= = + + + + +

+ + + + + +

−

− −

1 2 1

2 3 1

1

1 2       (4.23)

butter - Filtre analogice de tip Butterworth

Sintaxe:

[b,a] = butter(n,Wn,’s’)

• SURLHFWHD] �XQ�filtru analogic trece jos de ordinul n�FX�IUHFYHQ D�GH�W LHUH�Wn
�IUHFYHQ D�HVWH�H[SULPDW �vQ�UDGLDQL�VHFXQG ����VH�YRU�UHWXUQD�YHFWRULL�OLQLH�b�úL
a de lungime n�����FH�FRQ LQ�FRHILFLHQ LL�IXQF LHL�GH�WUDQVIHU� H s( )  a filtrului
( b = [ b b b n b n( ), ( ),......, ( ), ( )1 2 1+ ], a = [1 2 1, ( ),......, ( ), ( )a a n a n + ] ; vezi
UHOD LD� ������� ��� GDF �Wn� HVWH� XQ� YHFWRU� FX� GRX � HOHPHQWH��Wn=[w1,w2], cu
w1<w2, se va proiecta un ILOWUX�DQDORJLF�WUHFH�EDQG  de ordinul 2n, cu banda
GH�WUHFHUH�FXSULQV �vQWUH�IUHFYHQ HOH�w1�úL�w2; ’s’ �LQGLF �IDSWXO�F �HVWH�YRUED
despre un filtru analogic.

[b,a] = butter(n,Wn,’high’,’s’)

• SURLHFWHD] �XQ�filtru analogic trece sus de ordinul n�FX�IUHFYHQ D�GH�W LHUH�Wn;

[b,a] = butter(n,Wn,’stop’,’s’)
• Wn�HVWH�XQ�YHFWRU�FX�GRX �HOHPHQWH��Wn=[w1,w2] cu w1<w2 ; se va proiecta

un ILOWUX�DQDORJLF�RSUHúWH�EDQG  de ordinul 2n��FX�EDQGD�GH�RSULUH�FXSULQV
între w1�úL�w2.

cheby1 - )LOWUH�DQDORJLFH�GH�WLS�&HEvúHY�,

Sintaxe:

[b,a] = cheby1(n,Rp,Wn,’s’)
[b,a] = cheby1(n,Rp,Wn,’high’,’s’)
[b,a] = cheby1(n,Rp,Wn,’stop’,’s’)

• U PkQ�YDODELOH�DFHOHDúL�FRQVLGHUHQWH�SHQWUX�SDUDPHWULL�GH�LQWUDUH�úL�GH�LHúLUH
FD�vQ�VLQWD[HOH�GH�OD�IXQF LD�butter; în plus apare parametrul de intrare Rp
FDUH�UHSUH]LQW �GLPHQVLXQHD�ULSOXOXL� �H[SULPDW � vQ�G%��GLQ�EDQGD�GH� WUHFHUH
�DWHQXDUHD�PD[LP �GLQ�EDQGD�GH�WUHFHUH��
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cheby2 - )LOWUH�DQDORJLFH�GH�WLS�&HEvúHY�,,

Sintaxe:

[b,a] = cheby2(n,Rs,Wn,’s’)
[b,a] = cheby2(n,Rs,Wn,’high’,’s’)
[b,a] = cheby2(n,Rs,Wn,’stop’,’s’)

• U PkQ�YDODELOH�DFHOHDúL�FRQVLGHUHQWH�SHQWUX�SDUDPHWULL�GH�LQWUDUH�úL�GH�LHúLUH
FD�vQ�VLQWD[HOH�GH�OD�IXQF LD�butter; în plus apare parametrul de intrare Rs
FDUH� UHSUH]LQW � GLPHQVLXQHD� ULSOXOXL� �H[SULPDW � vQ� G%�� GLQ� EDQGD� GH� RSULUH
�DWHQXDUHD�PLQLP �GLQ�EDQGD�GH�RSULUH��

ellip - Filtre analogice de tip eliptic (filtre Cauer)

Sintaxe:

[b,a] = ellip(n,Rp,Rs,Wn,’s’)
[b,a] = ellip(n,Rp,Rs,Wn,’high’,’s’)
[b,a] = ellip(n,Rp,Rs,Wn,’stop’,’s’)

• U PkQ�YDODELOH�DFHOHDúL�FRQVLGHUHQWH�SHQWUX�SDUDPHWULL�GH�LQWUDUH�úL�GH�LHúLUH
FD�vQ�VLQWD[HOH�GH�OD�IXQF LD�butter; în plus apar parametrii de intrare Rp�úL
Rs�FX�VHPQLILFD LLOH�GH�OD�IXQF LLOH�cheby1�úL�cheby2.

$WHQ LH:
2GDW � FX� DIODUHD� FRHILFLHQ LORU� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF

SXWHP�FRQVLGHUD�vQFKHLDWH�HWDSHOH���úL���GLQ�FDGUXO�SURLHFW ULL�LQGLUHFWH�D�ILOWUHORU
digitale RII� �YH]L� VHF LXQHD� ������ SDJLQD� ����� &HD� GH� D� WUHLD� HWDS � FRQVW � vQ
WUDQVIRUPDUHD� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF� vQ� IXQF LD� GH� WUDQVIHU
HFKLYDOHQW �FD�SHUIRUPDQ H�D�ILOWUXOXL�GLJLWDO��$FHDVW �XOWLP �HWDS �VH�HIHFWXHD]
FRQIRUP� PHWRGHL� GH� SURLHFWDUH� LQGLUHFW � DOHDV � �SRDWH� IL� RULFDUH� GLQ� FHOH� �
SURFHGXUL�PHQ LRQDWH�±�YH]L�VHF LXQHD�������SDJLQD�����

ÌQ�FDGUXO�VHF LXQLORU��������úL��������DX�IRVW�GLVFXWDWH�SH�ODUJ�GRX �GLQ�FHOH
4 metode: PHWRGD� LQYDULDQ HL� U VSXQVXOXL� OD� LPSXOV� úL�PHWRGD� WUDQVIRUP ULL
biliniare�� &RUHVSXQ] WRU� DFHVWRU� GRX � PHWRGH�� vQ� 0$7/$%� H[LVW � IXQF LLOH
impinvar�úL�bilinear�FH�YRU�IL�SUH]HQWDWH�vQ�SDUDJUDIXO�XUP WRU�
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II. 7UDQVIRUPDUHD� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF� vQ� IXQF LD� GH
WUDQVIHU�HFKLYDOHQW �FD�SHUIRUPDQ H�D�ILOWUXOXL�GLJLWDO

&RQVLGHU P�XUP WRDUHOH�IRUPH�GH�H[SULPDUH�SHQWUX�
- IXQF LD�GH�WUDQVIHU�D�XQXL�ILOWUX�DQDORJLF�

))(())2())(1((

))(())2())(1((

)1()()2()1(

)1()()2()1(
)(

1

1

npspsps

mzszszs
k

nasnasasa

mbsmbsbsb
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mm

mm

−−−
−−−⋅=

=
++++
++++= −

−
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K

      (4.24)

- IXQF LD�GH�WUDQVIHU�D�XQXL�ILOWUX�GLJLWDO�

H z
bd bd z bd n z bd n z

ad ad z ad n z ad n z

kd
zd z zd z zd n z

pd z pd z pd n z

n n

n n
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ( ) )( ( ) ) ( ( ) )

( ( ) )( ( ) ) ( ( ) )

( )

( )
= + + + +

+ + + +
=

= ⋅ − − −
− − −

− − − −

− − − −

− − −

− − −

1 2 1

1 2 1

1 1 1 2 1

1 1 1 2 1

1 1

1 1

1 1 1

1 1 1

K

K

K

K

      (4.25)

impinvar - 0HWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV

Sintaxa:
[bd,ad] = impinvar(b,a,Fs)

• vectorii b� úL�a� YRU� FRQ LQH� YDORULOH� FRHILFLHQ LORU� QXP U WRUXOXL� úL� UHVSHFWLY
QXPLWRUXOXL�IXQF LHL�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�DQDORJLF�
b = [ ])1(),2(),1( +mbbb K , a = [ ])1(),2(),1( +naaa K ���YH]L�UHOD LD��������

• Fs� UHSUH]LQW � IUHFYHQ D� GH� HúDQWLRQDUH� H[SULPDW � vQ� +]�� GDF � QX� HVWH
SUHFL]DW �VH�DOHJH�vQ�PRG�LPSOLFLW Fs = 1Hz;

• RUGLQXO�QXP U WRUXOXL�QX�SRDWH�IL�PDL�PDUH�GHFkW�RUGLQXO�QXPLWRUXOXL�SHQWUX
IXQF LD�GH�WUDQVIHU�D�ILOWUXOXL�DQDORJLF ( m ≤ n );

• vor rezulta vectorii linie bd� úL� ad� FH� YRU� FRQ LQH� YDORULOH� FRHILFLHQ LORU
QXP U WRUXOXL�úL�UHVSHFWLY�QXPLWRUXOXL�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�
bd=[ ])1(),2(),1( +mbdbdbd K , ad=[ ])1(),2(),1( +nadadad K �UHOD LD���������

$WHQ LH� Pentru variantele de MATLAB 4
)XQF LD�0$7/$%�impinvar face transformarea din domeniul analogic

în domeniul discret considerând )(][ nThnh a=  FHHD�FH�GLIHU �GH�UHOD LD�WHRUHWLF
�������(VWH�GHFL�QHFHVDU �R�vQPXO LUH�FX�T = 1/Fs a vectorului bd�RE LQXW�
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bilinear - 0HWRGD�WUDQVIRUP ULL�ELOLQLDUH

Sintaxe:
[bd,ad] = bilinear(b,a,Fs)

• vectorii linie b� úL� a� YRU� FRQ LQH� YDORULOH� FRHILFLHQ LORU� QXP U WRUXOXL� úL
UHVSHFWLY�QXPLWRUXOXL�IXQF LHL�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�DQDORJLF�
b = [ ])1(),2(),1( +mbbb K , a = [ ])1(),2(),1( +naaa K ���YH]L�UHOD LD�������;

• Fs�UHSUH]LQW �IUHFYHQ D�GH�HúDQWLRQDUH�H[SULPDW �vQ�+]�
• RUGLQXO�QXP U WRUXOXL�QX�SRDWH�IL�PDL�PDUH�GHFkW�RUGLQXO�QXPLWRUXOXL�SHQWUX

IXQF LD�GH�WUDQVIHU�D�ILOWUXOXL�DQDORJLF ( m ≤ n );
• vor rezulta vectorii linie bd� úL� ad� FH� YRU� FRQ LQH� YDORULOH� FRHILFLHQ LORU
QXP U WRUXOXL�úL�UHVSHFWLY�QXPLWRUXOXL�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�
bd=[ ])1(),2(),1( +mbdbdbd K , ad=[ ])1(),2(),1( +nadadad K �UHOD LD���������

[zd,pd,kd] = bilinear(z,p,k,Fs)
• YHFWRULL�FRORDQ  z�úL�p�FRQ LQ�YDORULOH�]HURXULORU�úL�SROLORU�IXQF LHL�GH�WUDQVIHU

a filtrului analogic iar valoarea k�UHSUH]LQW �FkúWLJXO��z = [ ]z z z m( ), ( ), ( )1 2 K ,

p = [ ]p p p n( ), ( ), ( )1 2 K ��YH]L�UHOD LD���������

• Fs�UHSUH]LQW �IUHFYHQ D�GH�HúDQWLRQDUH�H[SULPDW �vQ�+]�
• RUGLQXO�QXP U WRUXOXL�QX�SRDWH�IL�PDL�PDUH�GHFkW�RUGLQXO�QXPLWRUXOXL�SHQWUX

IXQF LD�GH�WUDQVIHU�D�ILOWUXOXL�DQDORJLF ( m ≤ n );
• vor rezulta YHFWRULL�FRORDQ  zd� úL�pd� FH�FRQ LQ�YDORULOH�]HURXULORU� úL�SROLORU
IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�úL�YDORDUHD�kd�FH�UHSUH]LQW �FkúWLJXO��zd
= [ ])(),2(),1( mzdzdzd K , pd = [ ])(),2(),1( npdpdpd K ��YH]L�UHOD LD���������

Exemple:
���6 �VH�SURLHFWH]H�SULQ�PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV�XQ�ILOWUX�GLJLWDO
WUHFH�MRV�GH�WLS�%XWWHUZRUWK��úWLLQG�F �
- OD�IUHFYHQ D� kHz2=ef �DWHQXDUHD�HVWH�PDL�PLF �GH���G%��DGLF � dB1=Ma ;
- OD�IUHFYHQ D� kHz3=bf �DWHQXDUHD�HVWH�PDL�PDUH�GH����G%��DGLF � dB20=ma ;
- IUHFYHQ D�GH�HúDQWLRQDUH�HVWH� kHz20=sf .
���5HOXD L�SUREOHPD�SUHFHGHQW �IRORVLQG�PHWRGD�WUDQVIRUPDWHL�ELOLQLDUH�

Rezolvare ���6H�GHWHUPLQ �vQ�SULPXO�UkQG�IUHFYHQ HOH�OLPLW �QRUPDWH�DOH�EHQ]LORU
GH�WUHFHUH�úL�RSULUH�

ππω 2,02 ==
s

e
e f

f
úL ππω 3,02 ==

s

b
b f

f
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LQkQG�FRQW�GH�OHJ WXU �GLQWUH�FHOH�GRX �D[H�GH�IUHFYHQ ��YH]L�UHOD LD��������VH
FDOFXOHD] �SHQWUX�ILOWUXO�DQDORJLF�

πωω
4000===Ω se

s

e
e f

T
��UDGLDQL�VHFXQG

πωω
6000===Ω sb

s

b
b f

T
��UDGLDQL�VHFXQG

oe=2*pi*2/20;
ob=2*pi*3/20;
Oe=oe*20000;
Ob=ob*20000;

$YHP� DFXP� WR L� SDUDPHWULL� GH� LQWUDUH� DL� IXQF LHL� buttord� XWLOL]DW � SHQWUX
GHWHUPLQDUHD� RUGLQXOXL� ILOWUXOXL� DQDORJLF� úL� D� IUHFYHQ HL� VDOH� GH� W LHUH� �YH]L
sintaxa de la pagina 92):

[n,Wt]=buttord(Oe,Ob,1,20,’s’) → n =
     8

Wt =
    1.4144e+004

// ordinul filtrului analogic este n�  � �� LDU� IUHFYHQ D� VD� GH� W LHUH� HVWH� HJDO � FX
������ UDGLDQL�VHFXQG � �VH� REVHUY � F � DFHDVW � YDORDUH� DSDU LQH� vQWU�DGHY U
intervalului ],[ be ΩΩ ).

Valorile n�úL�Wt�RE LQXWH�UHSUH]LQW �SDUDPHWULL�GH�LQWUDUH�SHQWUX�IXQF LD�butter
FH�YD� DYHD� FD� UH]XOWDW� FRHILFLHQ LL� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� DQDORJLF� �YH]L
VLQWD[D�GH�OD�SDJLQD����úL�UHOD LD���������

[bs,as]=butter(n,Wt,’s’)

bs =
  1.0e+033 *
  Columns 1 through 7
 0         0         0         0         0         0         0
  Columns 8 through 9
 0    1.6017
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as =
  1.0e+033 *
  Columns 1 through 7
 0.0000   0.0000   0.0000   0.0000   0.0000   0.0000   0.0000
  Columns 8 through 9
 0.0006    1.6017

&DUDFWHULVWLFLOH� DPSOLWXGLQH�IUHFYHQ � úL� ID] �IUHFYHQ � DOH� ILOWUXOXL� DQDORJLF� VH
SRW� YL]XDOL]D� IRORVLQG� IXQF LD� freqs� �DVHP Q WRU� FX� freqz); vezi help
freqs.

freqs(bs,as)

$FHúWL� GRL� YHFWRUL��bs� úL�as�� UH]XOWD L� vQ� XUPD� FRPHQ]LL� SUHFHGHQWH�� YRU� VHUYL
GUHSW� DUJXPHQWH� GH� LQWUDUH� SHQWUX� IXQF LD� impinvar ce va calcula valorile
FRHILFLHQ LORU� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� GLJLWDO� GRULW� �YH]L� VLQWD[D� GH� OD
SDJLQD���� úL� UHOD LLOH� ������� úL� ��������� VLPXODUHD� D� IRVW� HIHFWXDW � vQ�0$7/$%
�����QHILLQG�QHFHVDU �vQPXO LUHD�VXSOLPHQWDU �FX���Fs (vezi $WHQ LH, pagina 95):

[bd,ad]=impinvar(bs,as,20000)
bd =
  Columns 1 through 4
  0.00000000000001   0.00000779825827   0.00057632592984   0.00354891171151

  Columns 5 through 8
  0.00454600814643   0.00143986570993   0.00009449298844   0.00000051475724

  Column 9
                 0

ad =
  Columns 1 through 4
  1.00000000000000  -4.47934964222873   9.26011521715720 -11.38583232119671

  Columns 5 through 8
  9.03786337833229  -4.71810555063958   1.57588822345554  -0.30701444261219

  Column 9
  0.02664905479100
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&DUDFWHULVWLFLOH�DPSOLWXGLQH�IUHFYHQ �úL�ID] �IUHFYHQ �DOH�ILOWUXOXL�GLJLWDO�VH�SRW
YL]XDOL]D�IRORVLQG�IXQF LD�freqz��YH]L�VHF LXQHD��������GLQ�FDSLWROXO����

)XQF LD� SRQGHUH� D� ILOWUXOXL� VH� SRDWH� YL]XDOL]D� IRORVLQG� FRPDQGD� impz (vezi
VHF LXQHD��������GLQ�FDSLWROXO����

impz(bd,ad),grid

3HQWUX� D� YHULILFD� SH� FDOH� JUDILF � VWDELOLWDWHD� ILOWUXOXL� GLJLWDO� RE LQXW� �WR L� SROLL
WUHEXLH�V �ILH�vQ�LQWHULRUXO�FHUFXOXL�GH�UD] �XQLWDWH��SXWHP�IRORVL�IXQF LD�zplane
�YH]L�VHF LXQHD��������GLQ�FDSLWROXO�����YL]XDOL]kQG�QXPDL�YDORULOH�SROLORU�IXQF LHL
de transfer:

zplane(1,ad)
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Rezolvare 2. Metoda transformatei biliniare presupune transformarea axei de
IUHFYHQ �FRQIRUP�UHOD LHL��������

2
tan2

2
tan

2 e
s

e

s
e f

T

ωω ==Ω

2
tan2

2
tan

2 b
s

b

s
b f

T

ωω ==Ω

Valorile pentru eω �úL� bω �VXQW�GHVLJXU�DFHOHDúL�FD�vQ�SUREOHPD�SUHFHGHQW �

Fs=20000;
oe=2*pi*2/20;
ob=2*pi*3/20;
Oe=2*Fs*tan(oe/2);
Ob=2*Fs*tan(ob/2);

6H�YRU�XUPD�DFHLDúL�SDúL�FD�vQ�FD]XO�PHWRGHL� LQYDULDQ HL�U VSXQVXOXL� OD� LPSXOV�
SUH]HQWDW �vQ�SUREOHPD�SUHFHGHQW �

[n,Wt]=buttord(Oe,Ob,1,20,’s’)
[bs,as]=butter(n,Wt,’s’)
[bd,ad]=bilinear(bs,as,Fs)

6H�REVHUY � F �RUGLQXO� ILOWUXOXL�YD� IL�n = 7, deci mai mic cu o unitate decât la
PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV�

E1. ([HUFL LL:

���6 �VH�SURLHFWH]H�SULQ�PHWRGD�WUDQVIRUPDWHL�ELOLQLDUH�XQ�ILOWUX�GLJLWDO�WUHFH�VXV
GH�WLS�%XWWHUZRUWK��úWLLQG�F �
- OD�IUHFYHQ D� kHz2=bf  atenuarea este mai mare de 40dB;
- OD�IUHFYHQ D� kHz4=ef �DWHQXDUHD�HVWH�PDL�PLF �GH��G%�
- IUHFYHQ D�GH�HúDQWLRQDUH�HVWH� kHz24=sf .
6 �VH�UHSUH]LQWH�JUDILF�
- FDUDFWHULVWLFH�DPSOLWXGLQH�IUHFYHQ �úL�ID] �IUHFYHQ �DOH�ILOWUXOXL�DQDORJLF�úL

DOH�ILOWUXOXL�GLJLWDO�RE LQXW�
- U VSXQVXO�OD�LPSXOV�DO�ILOWUXOXL�GLJLWDO�
- SR]L LRQDUHD�vQ�SODQXO�Z�D�SROLORU�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�
6H�SRDWH�UHDOL]D�SURLHFWDUHD�úL�SULQ�PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV"
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���5HOXD L�SUREOHPD���vQ�FD]XO�XQXL�ILOWUX�GH�WLS�&HEvúHY�,��&RPHQWD L�GLIHUHQ HOH
RE LQXWH�

��� 5HOXD L� SUREOHPD� �� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� &HEvúHY� ,,�� &RPHQWD L
GLIHUHQ HOH�RE LQXWH�

���5HOXD L� SUREOHPD� �� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� HOLSWLF��&RPHQWD L� GLIHUHQ HOH
RE LQXWH�

��� 6H� FRQVLGHU � XQ� ILOWUX� WUHFH� MRV� GH� WLS� %XWWHUZRUWK�� GH� RUGLQXO� ��� DYkQG
IUHFYHQ D� GH� W LHUH� kHz4=tF �� 6 � VH� GHWHUPLQH� IXQF LD� GH� WUDQVIHU� )(zH  a
ILOWUXOXL�GLJLWDO�RE LQXW�
D��SULQ�PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV�
E��SULQ�PHWRGD�WUDQVIRUP ULL�ELOLQLDUH�
6H�YD�FRQVLGHUD�IUHFYHQ D�GH�HúDQWLRQDUH� zfs kH40= .
6 �VH�UHSUH]LQWH�JUDILF�
- FDUDFWHULVWLFH�DPSOLWXGLQH�IUHFYHQ �úL�ID] �IUHFYHQ �DOH�ILOWUXOXL�DQDORJLF�úL

DOH�ILOWUXOXL�GLJLWDO�RE LQXW�
- U VSXQVXO�OD�LPSXOV�DO�ILOWUXOXL�GLJLWDO�
- SR]L LRQDUHD�vQ�SODQXO�Z�D�SROLORU�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�

���5HOXD L�SUREOHPD���vQ�FD]XO�XQXL�ILOWUX�GH�WLS�&HEvúHY�,�FX�R�DWHQXDUH�PLQLP
vQ�EDQGD�GH�RSULUH�GH���G%��&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

���5HOXD L�SUREOHPD���vQ�FD]XO�XQXL�ILOWUX�GH�WLS�&HEvúHY�,,�FX�R�DWHQXDUH�PD[LP
vQ�EDQGD�GH�WUHFHUH�GH��G%��&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

���5HOXD L�SUREOHPD���vQ�FD]XO�XQXL�ILOWUX�GH�WLS�HOLSWLF�FX�R�DWHQXDUH�PLQLP �vQ
EDQGD� GH� RSULUH� GH� ��G%� úL� R� DWHQXDUH� PD[LP � vQ� EDQGD� GH� WUHFHUH� GH� �G%�
&RPHQWD L�UH]XOWDWHOH�RE LQXWH�

���6 �VH�SURLHFWH]H�SULQ�PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV�XQ�ILOWUX�GLJLWDO
WUHFH�EDQG �GH�WLS�%XWWHUZRUWK��úWLLQG�F �
- OD�IUHFYHQ HOH� kHz41 =ef �úL� kHz62 =ef �DWHQXDUHD�HVWH�PDL�PLF �GH��G%�
- OD�IUHFYHQ HOH� kHz31 =bf �úL� kHz72 =bf  atenuarea este mai mare de 40dB;
- IUHFYHQ D�GH�HúDQWLRQDUH�HVWH� kHz20=sf .
6 �VH�UHSUH]LQWH�JUDILF�
- FDUDFWHULVWLFH�DPSOLWXGLQH�IUHFYHQ �úL�ID] �IUHFYHQ �DOH�ILOWUXOXL�DQDORJLF�úL

DOH�ILOWUXOXL�GLJLWDO�RE LQXW�
- U VSXQVXO�OD�LPSXOV�DO�ILOWUXOXL�GLJLWDO�
- SR]L LRQDUHD�vQ�SODQXO�Z�D�SROLORU�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�
5H]ROYD L�SUREOHPD�IRORVLQG�úL�PHWRGD�WUDQVIRUPDWHL�ELOLQLDUH�
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���� 5HOXD L� SUREOHPD� �� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� &HEvúHY� ,�� &RPHQWD L
GLIHUHQ HOH�RE LQXWH�

���� 5HOXD L� SUREOHPD� �� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� &HEvúHY� ,,�� &RPHQWD L
GLIHUHQ HOH�RE LQXWH�

����5HOXD L�SUREOHPD��� vQ�FD]XO�XQXL�ILOWUX�GH� WLS�HOLSWLF��&RPHQWD L�GLIHUHQ HOH
RE LQXWH�

����6 �VH�SURLHFWH]H�SULQ�PHWRGD�WUDQVIRUPDWHL�ELOLQLDUH�XQ�ILOWUX�GLJLWDO�RSUHúWH
EDQG �GH�WLS�%XWWHUZRUWK��úWLLQG�F �
- OD�IUHFYHQ HOH� kHz31 =ef �úL� kHz72 =ef �DWHQXDUHD�HVWH�PDL�PLF �GH��G%�
- OD�IUHFYHQ HOH� kHz41 =bf �úL� kHz62 =bf  atenuarea este mai mare de 40dB;
- IUHFYHQ D�GH�HúDQWLRQDUH�HVWH� kHz20=sf .
6 �VH�UHSUH]LQWH�JUDILF�
- FDUDFWHULVWLFH�DPSOLWXGLQH�IUHFYHQ �úL�ID] �IUHFYHQ �DOH�ILOWUXOXL�DQDORJLF�úL

DOH�ILOWUXOXL�GLJLWDO�RE LQXW�
- U VSXQVXO�OD�LPSXOV�DO�ILOWUXOXL�GLJLWDO�
- SR]L LRQDUHD�vQ�SODQXO�Z�D�SROLORU�IXQF LHL�GH�WUDQVIHU�D�ILOWUXOXL�GLJLWDO�
6H�SRDWH�UHDOL]D�SURLHFWDUHD�úL�SULQ�PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV"

���� 5HOXD L� SUREOHPD� ��� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� &HEvúHY� ,�� &RPHQWD L
GLIHUHQ HOH�RE LQXWH�

���� 5HOXD L� SUREOHPD� ��� vQ� FD]XO� XQXL� ILOWUX� GH� WLS� &HEvúHY� ,,�� &RPHQWD L
GLIHUHQ HOH�RE LQXWH�

����5HOXD L�SUREOHPD����vQ�FD]XO�XQXL�ILOWUX�GH�WLS�HOLSWLF��&RPHQWD L�GLIHUHQ HOH
RE LQXWH�

����6 �VH�SURLHFWH]H�XQ�ILOWUX�GLJLWDO�WUHFH�MRV�SRUQLQG�GH�OD�XQ�ILOWUX�DQDORJLF�GH
WLS� %XWWHUZRWK� GH� RUGLQXO� �� úL� IUHFYHQ D� GH� W LHUH� kHz5=tF �� )UHFYHQ D� GH
HúDQWLRQDUH�HVWH� kHz40=sF . Se vor folosi:
D��PHWRGD�LQYDULDQ HL�U VSXQVXOXL�OD�LPSXOV�
E��PHWRGD�WUDQVIRUP ULL�ELOLQLDUH�
5HOXD L�SUREOHPD�SHQWUX�FD]XO�XQXL�ILOWUX�WUHFH�VXV��&H�REVHUYD L"

����)LH�ILOWUXO�DQDORJLF�FX�IXQF LD�GH�WUDQVIHU�
1

1

1

1
)(

2

2
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+
=

ss

s
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sH ��&RQYHUWL L

acest filtru analogic într-un filtru digital RII� IRORVLQG� PHWRGD� WUDQVIRUP ULL
ELOLQLDUH��6H�úWLH�F �Ts� ������&H�IHO�GH�ILOWUX�VH�RE LQH"
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������3URLHFWDUHD�GLUHFW �D�ILOWUHORU�RII

0HWRGHOH� GH� SURLHFWDUH� GLQ� DFHDVW � FDWHJRULH� VH� ED]HD] � SH� RSWLPL]DUH
QXPHULF �úL�SHUPLW�RE LQHUHD�GH�ILOWUH�GLJLWDOH�FH�DSUR[LPHD] �XQ�DQXPLW�U VSXQV
vQ�GRPHQLXO� WLPS�VDX� vQ�GRPHQLXO� IUHFYHQ ��$FHVWH�PHWRGH�SUHVXSXQ�DOHJHUHD
XQXL� FULWHULX� GH� PLQLPL]DUH� D� HURULL� GH� DSUR[LPDUH� úL� XWLOL]DUHD� XQXL� DOJRULWP
SHQWUX� GHWHUPLQDUHD� FRHILFLHQ LORU� IXQF LHL� GH� WUDQVIHU� D� ILOWUXOXL� �GDF � VH
OXFUHD] �vQ�GRPHQLXO�IUHFYHQ ��VDX�D�U VSXQVXOXL�OD�LPSXOV��vQ�FD]XO�vQ�FDUH�VH
OXFUHD] �vQ�GRPHQLXO�WLPS��

)XQF LLOH�0$7/$%�buttord, cheb1ord, cheb2ord� úL�ellipord
SUH]HQWDWH�vQ�FDGUXO�VHF LXQLL�SUHFHGHQWH��SHUPLW�GHWHUPLQDUHD�RUGLQXOXL�PLQLP�úL
D�IUHFYHQ HL�GH�W LHUH�D�ILOWUHORU�GLJLWDOH��ÌQ�0$7/$%��IXQF LD�GH�WUDQVIHU�D�XQXL
filtru digital RII de ordinul n�HVWH�SULYLW �VXE�IRUPD�
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     (4.26)

6LQWD[D�JHQHUDO :

[n,Wn]=nume_functie(Wp,Ws,Rp,Rs)

• nume_functie� SRDWH� IL� RULFDUH� GLQWUH� IXQF LLOH� buttord, cheb1ord,
cheb2ord�úL�ellipord;

• Rp� UHSUH]LQW � GLPHQVLXQHD� ULSOXOXL� �H[SULPDW � vQ� G%�� GLQ� EDQGD� GH� WUHFHUH
�DWHQXDUHD� PD[LP � GLQ� EDQGD� GH� WUHFHUH�� LDU� Rs� UHSUH]LQW � GLPHQVLXQHD
ULSOXOXL��H[SULPDW �vQ�G%��GLQ�EDQGD�GH�RSULUH��DWHQXDUHD�PLQLP �GLQ�EDQGD�GH
oprire);

• Wp�úL�Ws�VXQW�IUHFYHQ HOH�OLPLW �EHQ]LORU�GH�WUHFHUH�úL�GH�RSULUH��HOH�DX�YDORUL
FXSULQVH� vQWUH���úL����XQGH���FRUHVSXQGH� MXP W LL� IUHFYHQ HL�GH�HúDQWLRQDUH�
FDOFXOXO�I FkQGX�VH�DVWIHO�

)UHFYHQ D>+]@����)UHFYHQ DHúDQWLRQDUH[Hz]/2);
ÌQ�FD]XO�ILOWUHORU�WUHFH�EDQG �úL�RSUHúWH�EDQG �Wp�úL�Ws�YRU�IL�YHFWRUL�FX�GRX
elemente;

• se vor returna:
1) ordinul minim n� �YH]L� UHOD LD� �������� DO� XQXL� ILOWUX� GLJLWDO� GH� WLSXO

FRUHVSXQ] WRU� GDW� GH� nume_functie�� FH� VDWLVIDFH� FRQGL LLOH� GH� JDEDULW
impuse prin Wp, Ws, Rp, Rs;

2) IUHFYHQ D�GH�W LHUH Wn��IUHFYHQ D�OD���G%��D�DFHOXLDúL�ILOWUX��vQ�FD]XO�ILOWUHORU
WUHFH�EDQG �úL�RSUHúWH�EDQG �Wn�YD�IL�XQ�YHFWRU�FX�GRX �HOHPHQWH�GHRDUHFH
DFHVWH�ILOWUH�SUH]LQW �GRX �]RQH�GH�W LHUH�
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'H�DVHPHQHD��IXQF LLOH�0$7/$%�butter, cheby1, cheby2, ellip
SHUPLW� SURLHFWDUHD� GLUHFW � D� ILOWUHORU� GLJLWDOH�RII� �SH� ED]D� DSUR[LP ULL�&HEvúHY
GLUHFW� vQ� GRPHQLXO� GLJLWDO��� 6LQWD[HOH� VXQW� DVHP Q WRDUH� FX� FHOH� SUH]HQWDWH
SHQWUX�FD]XO�ILOWUHORU�DQDORJLFH��YH]L�SDJLQLOH����úL�����FX�GHRVHELUHD�F �GLVSDUH
parametrul de intrare ‘s’ ��FDUH�SUHFL]D�F �HVWH�YRUED�GH�XQ�ILOWUX�DQDORJLF�� LDU
IUHFYHQ HOH� Wn� DX� YDORUL� FXSULQVH� vQWUH� �� úL� ��� XQGH� �� FRUHVSXQGH� MXP W LL
IUHFYHQ HL�GH�HúDQWLRQDUH��FDOFXOXO�I FkQGX�VH�GXS �UHJXOD�DQWHULRDU �

)UHFYHQ D>+]@����)UHFYHQ DHúDQWLRQDUH[Hz]/2).
9HULILFD L�VLQWD[HOH�DFHVWRU�IXQF LL�IRORVLQG�FRPDQGD�help .

E2. ([HUFL LL:
5H]ROYD L� SUREOHPHOH� ���� úL� ����� GLQ� FDGUXO� H[HUFL LLORU� E1. prin proiectare
GLUHFW �FX�DMXWRUXO�IXQF LLORU�0$7/$%�SUH]HQWDWH�

$WHQ LH:
ÌQ�0$7/$%�H[LVW �úL�DOWH�IXQF LL�FH�SHUPLW�SURLHFWDUHD�GLUHFW �D�ILOWrelor

digitale RII:
- prony  – proiectare prin metoda Prony;
- stmcb – proiectare folosind algoritmul Steiglitz-McBride;
- yulewalk – proiectare folosind o aproximare în sensul celor mai mici

S WUDWH��ED]DW �SH�R�YDULDQW �PRGLILFDW �D�HFXD LLORU�<XOH�:DONHU�
9HULILFD L�VLQWD[HOH�DFHVWRU�IXQF LL�IRORVLQG�FRPDQGD�help.


